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Abstract This note presents topology optimization of fluid
channels with flow rate equality constraints. The equal-
ity constraints on the specified boundaries are imple-
mented using the lumped Lagrange multiplier method. The
quadratic penalty term and cut-off sensitivity are used to
maintain the stability of optimization.

Keywords Topology optimization · Navier–Stokes
equation · Equality constraint · Lagrange multiplier

1 Introduction

Layout optimization of fluid channels is an important topic
when designing microfluidic devices (Okkels et al. 2005;
Okkels and Bruus 2007; Andreasen et al. 2008; Deng et al.
2010; Takagi et al. 2005; Vangelooven et al. 2010). Usually,
layout optimization can be categorized into either shape or
topology optimization. Shape optimization in fluid mechan-
ics has been an active research field for several decades
(Pironneau 1973, 1974). The goal of topology optimization
is not only to find the optimal shape of fluidic channels,
but also the optimal topology (or the optimal connectiv-
ity) of fluidic subdomains. Therefore, topology optimiza-
tion is a more general optimization technique than shape
optimization. Topology optimization for fluidic problems
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was pioneered by Borrvall and Petersson for Stokes flow
(Borrvall and Petersson 2003). Gersborg-Hansen et al. 2005
and Olesen et al. 2006 have extended fluidic topology opti-
mization to low and moderate Reynolds number cases. The
numerical methods which are used to calculate the fluid
velocity and pressure are mainly the finite element method
(FEM) (Gersborg-Hansen et al. 2005; Olesen et al. 2006;
Evgrafov 2006; Gersborg-Hansen et al. 2006a; Aage et al.
2008), the finite volume method (FVM) (Gersborg-Hansen
et al. 2006b) and the finite difference method (FDM) (Zadeh
2009).

2 Topology optimization of fluid channels

Topology optimization of flow channels with low and mod-
erate Reynolds numbers using the FEM has been discussed
in Gersborg-Hansen et al. (2005, 2006a), Olesen et al.
(2006), Evgrafov (2006), and Aage et al. (2008). Usually, an
incompressible Navier–Stokes equation is used to simulate
the fluidic motion in channels. In addition, the governing
equation is subject to an artificial friction force which is
proportional to the fluid velocity u. Based on the Darcy
law, the friction force can be expressed as f = −αu, where
α is the impermeability of a porous medium (Guest and
Prevost 2007). Therefore, one can modify an incom-
pressible Navier–Stokes equation in the non-dimensional
form as

Re(u · ∇)u + ∇ · [−(∇u + ∇uT ) + pI] = −αu
∇ · u = 0

(1)

where Re is the Reynolds number, u is the fluid velocity,
p is the fluid pressure and α depends on the optimiza-
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tion design variable γ as (Borrvall and Petersson 2003;
Gersborg-Hansen et al. 2005)

α(γ ) = αmin + (αmax − αmin)(q(1 − γ ))/(q + γ ) (2)

where αmin and αmax are the minimal and maximal values
of α and q is a real and positive parameter used to adjust the
convexity of the interpolation function in (2). The value of
γ can vary between zero and one, where γ = 0 corresponds
to an artificial solid domain and γ = 1 to a fluidic domain,
respectively. In this paper, the parameters which are used
to control the interpolation of an artificial material property
are set to αmin = 0, αmax = 103 and q = 0.1. A commonly
used objective function for fluidic optimization is the energy
dissipation (Borrvall and Petersson 2003; Gersborg-Hansen
et al. 2005, 2006a; Olesen et al. 2006; Evgrafov 2006; Aage
et al. 2008)

�(u, γ ) =
∫

�

[
∇u · (∇u + ∇uT ) + α(γ )u · u

]
d� (3)

where � is the design domain. In this note, all the numer-
ical examples have either prescribed velocities or pressure
conditions on the boundary of the computational domain.

3 Flow rate equality constraints

In this note, we restrict our work on the optimization of
two-dimensional flow channels with flow rate equality con-
straints on the specified boundaries. Topology optimization
of fluid channels with flow rate equality constraints has
been discussed by Gersborg-Hansen et al. (2005, 2006a)
and Aage et al. (2008) using the method of moving asymp-
totes (MMA) (Svanberg 1987), where the equality con-
straints were approximated by using inequality constraints.
For the equality constraint which is related to the forward
physical problem, Liu and Korvink (2009) proposed the
augmented Lagrangian method and have designed several
compliant mechanisms with multiple equality displacement
constraints. The Lagrange multiplier, which is related to the
boundary condition of displacement, is calculated using the
Lagrange multiplier method. In this note, the method pro-
posed by Liu and Korvink (2009) is extended to the design
of fluid channels with flow rate equality constraints

∫
�i

u · n d�i = FRi ∗ Qin, i = 1, ..., m (4)

where FRi ∈ [0, 1] is the ratio of the flow rate at bound-
ary �i , Qin is the flow rate at the inlet and n is the outward
normal vector of the boundary �i . The optimization prob-

lem can be expressed using the form of the augmented
Lagrangian as

Min : L =2�(u, γ )+
m∑

i=1

βi

(∫
�i

u · n d�i − FRi ∗ Qin

)

+
m∑

i=1

μi

2

(∫
�i

u · n d�i − FRi ∗ Qin

)2

s.t. Re(u · ∇)u + ∇ · [−(∇u + ∇uT ) + pI] = −αu

∇ · u = 0∫
�

γ d� < Vol� ∗ Vol∗, 0 ≤ γ ≤ 1 (5)

where βi and μi are the Lagrange multipliers and penalty
coefficients required to implement the equality constraints
of flow rate on the boundary of �i , Vol∗ ∈ [0, 1] is a scalar
and Vol� is the area of the whole design domain. Based
on the finite element theory, the physical meaning of the
Lagrange multiplier βi is the normal stress which acts on
the corresponding boundary �i in order to fulfill a specified
flow rate.

For the sensitivity analysis of the optimization problem
in (5), the adjoint method is typically used for topology
optimization where the number of design variables is much
higher than the number of design criteria (Gersborg-Hansen
et al. 2005). The discretized form of the objective function
in (5) can be expressed as

L = 2�(U, γ ) + λT
β R(U, γ ) + λT

μ R(U, γ )

+
m∑

i=1

(
βi

(
lT
i U − FRi ∗ Qin

)

+μi

2

(
lT
i U − FRi ∗ Qin

)2
)

(6)

where U is the combined vector of velocity u and pressure
p, R(U, γ ) = 0 is the discretized Navier–Stokes equation
in residual form, the λβ and λμ are the adjoint vectors and
lT is the vector with a value of 1 at the degrees of freedom
corresponding to the boundary with the flow rate constraint.
The first-order derivative of the objective in (6) with respect
to the design variable γ is

d L

dγ
= 2

∂�

∂U
dU
dγ

+ 2
∂�

∂γ
+ λT

β

(
∂ R

∂U
dU
dγ

+ ∂ R

∂γ

)

+ λT
μ

(
∂ R

∂U
dU
dγ

+ ∂ R

∂γ

)
+

m∑
i=1

(
βi l

T
i + θi l

T
i

) dU
dγ

(7)

where θi = μi (lT
i U − FRi ∗ Qin) is the residual of the flow

rate constraint on the boundary �i . The discretized residual
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Fig. 1 The design domain � (gray square) and the computational
domain for the optimization of splitter channel. All the boundaries on
the computational domain are no-slip (u = 0) unless otherwise marked

form of Navier–Stokes equation R(U, γ ) = 0 is assumed to
be zero for the current design variable γ by solving (1) with
boundary conditions

u = uin on �in, u = 0 on �∂�, p = 0 on �out (8)

Therefore, the terms ∂λβ

∂γ
R and ∂λμ

∂γ
R are zero. In (6), the

Lagrange multipliers βi and the penalty coefficients μi are
treated as independent variables. Therefore ∂βi

∂γ
and ∂μi

∂γ
are

zero too. Equation (7) can be simplified as

d L

dγ
=

(
∂�

∂γ
+ λT

β

∂ R

∂γ

)
+

(
∂�

∂γ
+ λT

μ

∂ R

∂γ

)
(9)

by solving the following two adjoint equations

λT
β

∂ R

∂U
= −∂�

∂U
−

m∑
i=1

βi l
T
i

λT
μ

∂ R

∂U
= −∂�

∂U
−

m∑
i=1

θi l
T
i

(10)

In (5), the energy dissipation �(u, γ ) is multiplied by two.
In (6), the residual form of Navier–Stokes equation R(U, γ )

is included twice with different adjoint vectors. This allows
us to calculate the adjoint vectors λβ and λμ separately
in (10).

4 Discussion

4.1 Computational cost associated with optimization

For the optimization problem in (5), the computational cost
for each iteration is mainly caused by (a) solving the vec-
tor U, the Lagrange multiplier βi and adjoint vectors λβ and
λμ; (b) calculating the first-order sensitivity d L/dγ ; and
(c) updating the design variables γ through the MMA algo-
rithm. The nonlinear Navier–Stokes equation is solved in
order to obtain a converged solution of U based on the cur-
rent value of design variable γ . Here the vector U, which
is called the solution of the forward problem, will be used
later when solving the adjoint vectors and the Lagrange
multipliers. The term ∂ R/∂U in adjoint equation (10) is
the Jacobian matrix of the residual equation R(U, γ ) =
0, where the matrix ∂ R/∂U can be evaluated using the
converged solution of the forward problem. Therefore the
two adjoint equations are both linear equations, allowing
for the efficient solution of the adjoint vectors λβ and λμ

(Gersborg-Hansen et al. 2005). For the Lagrange multi-
plier βi , a suitable value can be chosen at the beginning

Fig. 2 a The distribution of
design variable γ for the
optimized splitter channels with
design parameters
FR1 = FR2 = 1/2, Vol∗ = 0.4
and Re = 1; b) The
optimization history of
normalized energy dissipation
and the ratio of flow rate
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Fig. 3 The optimized results of
splitter channels where the value
of Vol∗ is swept from 0.1 to 1.0.
The other optimization
parameters are same as the
example shown in Fig. 2. The
energy dissipation for the case
that Vol∗ = 1.0 is normalized as
1.0

of the optimization, and the value of the Lagrange multi-
plier can be updated based on certain rules (Bertsekas 1996).
Alternatively, the Lagrange multiplier can be calculated
by solving the Navier–Stokes equation with the flow rate
boundary conditions in (4) (Formaggia et al. 2002). In order
to implement optimization iteration efficiently, an approxi-
mate solution of the Lagrange multiplier βi can be obtained
by using a linearized Navier–Stokes equation, where the
linearization points are the converged solution of the for-
ward problem. Compared with the MMA algorithm, the
additional computational cost for evaluating the first-order
sensitivity vector is mainly for solving a linearized equation
in order to calculate the Lagrange multipliers βi . How-
ever, the optimization problem is simplified with only one
inequality constraint, which is used to limit channel areas.
At the same time, there is no need to use an inequality con-
straint to approximate an equality constraint by tuning the
residual of constraint carefully.

4.2 Quadratic penalty term

For the optimization problem in (5), the quadratic penalty
term is used to improve the convergence of equality con-
straints. However, it is known that too large a value of the
penalty coefficient μ will result in an ill-conditioned prob-
lem. One has to choose a reasonable value of μ (Nocedal
and Wright 1999). In (9), the first-order sensitivity is sep-
arated into two parts with the second part being related to
the quadratic penalty term. In order to maintain the stabil-
ity of optimization for a relatively large value of the penalty

coefficient μ, the cut-off sensitivity based on the first-order
sensitivity in (9) is used as

d L

dγ
=

(
∂�

∂γ
+ λT

β

∂ R

∂γ

)
+ min

(
0,

∂�

∂γ
+ λT

μ

∂ R

∂γ

)
(11)

4.3 Numerical implementation of the optimization
problem

Optimization of fluidic channels with flow rate equality
constraints is implemented using the commercial finite ele-
ment software Comsol (http://www.comsol.com). The non-
linear Navier–Stokes equation is solved by using a linear
Lagrange finite element for both the velocity and pressure
fields. Given that the velocity and pressure interpolation
are of the same order, usually a pressure stabilization,

Fig. 4 The distribution of design variable γ for the optimized split-
ter channels with design parameters Vol∗ = 0.4 and Re = 1. The
flow rate on the specified boundaries are: a FR1 = 1/4, FR2 = 3/4;
b FR1 = 3/4, FR2 = 1/4

http://www.comsol.com
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Fig. 5 The design domain �

(gray part) and the
computational domain for the
optimization of flow distributor.
All the boundaries on the frame
of computational domain are
no-slip (u = 0) unless otherwise
marked

e.g. pressure-stabilizing/Petrov–Galerkin (PSPG) method,
would be necessary. In this note, the numerical stability
is maintained by using the Galerkin least-square method,
and the design domain is discretized with a sufficient num-
ber of rectangular elements (Hauke and Hughes 1994). The
Lagrange multiplier βi , which is related to the boundary
condition of the flow rate, is calculated by using the weak
constraint function in Comsol. One can refer to Olesen et
al. (2006) for a detailed numerical implementation of the
adjoint sensitivity analysis in Comsol. The optimization
iterations are stopped when the residual of the flow rate

∣∣∣∣
∫

�i

u · n d�i/Qin − FRi

∣∣∣∣ < 1e − 3 (12)

and the change of normalized energy dissipation between
two consecutive iterations

|�k+1 − �k | < 1e − 3 (13)

5 Numerical examples

5.1 Splitter with two outlets

The flow splitter has been used as a functional unit to con-
trol the flow rate at different outlets in order to separate
micro particles (Takagi et al. 2005). In this example, the
layout of flow channels with specified flow rates on two

outlets is optimized based on the optimization problem in
(5). The upper bound for the constraint of flow channel
areas is chosen as Vol∗ = 0.4 and the Reynolds number
Re = 1. The initial value of the penalty parameter μ is 1
and the maximum value is limited to 100. The computa-
tional domain is shown in Fig. 1 where the design domain
is shown as the gray subdomain. The flow rate constraints
are specified on the two boundaries �1 and �2, which con-
nect the design domain and outlet tubes. The design domain
is discretized by 160 × 160 rectangular elements. Figure 2a
shows an optimized result where the flow rate of two out-
lets is FR1 = FR2 = 0.5. Figure 2b shows the optimization
history about the normalized objective function � and the
ratio of flow rates (

∫
�1

u · n d�1/
∫
�2

u · n d�2) on two

Fig. 6 The optimized distributor with design parameters Vol∗ = 0.4,
Re = 1. The flow rate on the specified boundaries are: a FR15 ∼
FR20 = 1/6; b FR1 ∼ FR14 = 0, FR15 ∼ FR20 = 1/6
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Fig. 7 The optimized channel with design parameters Vol∗ = 0.4,
Re = 1. The flow rate on the specified boundaries are: a FR1 = FR2 =
1/2, FR3 ∼ FR5 = 1/3, FR6 ∼ FR9 = 1/4, FR10 ∼ FR14 = 1/5,
FR15 ∼ FR20 = 1/6; b FR1 = 1/3, FR2 = 2/3, FR3 = 1/4, FR4 =
1/2, FR5 = 1/4, FR6 = 1/5, FR7 = 2/5, FR8 = FR9 = 1/5,
FR10 = 1/6, FR11 = 1/3, FR12 = FR13 = FR14 = 1/6, FR15 = 1/7,
FR16 = 2/7, FR17 = FR18 = FR19 = FR20 = 1/7

outlets. For the optimization problem in (5), an inequal-
ity constraint is used to control the area of fluid channels.
Figure 3 shows the optimized geometries of fluid channels
where the value of Vol∗ is swept from 0.1 to 1.0 while the
other optimization parameters are the same as the example
used in Fig. 2a. The flow rate constraints are all satisfied for
these results, and the optimized channels look more like the
channels used in microfluidic devices when a small value of
Vol∗ is used. Figure 4 shows the optimized results where the
flow rates on the two outlets are {FR1 = 1/4, FR2 = 3/4}
and {FR1 = 3/4, FR2 = 1/4}, respectively.

5.2 Flow distributor with multiple flow rate constraints

The flow distributor has been used as a functional unit
to distribute a certain volume of fluid over a specified
subdomain in microfluidics (Vangelooven et al. 2010). In
this note, a radial interconnecting distributor is designed
with specified flow rates at different positions. The design
domain is shown in Fig. 5 where the flow rates on 20 out-
lets need to be controlled accurately. The upper bound for
the constraint of flow channel areas is chosen as Vol∗ = 0.4
and the design domain is discretized by 160,000 rectangular
elements. Figure 6a shows the optimized distributor where
only outlets �15 ∼ �20 are constrained as FR15 ∼ FR20 =
1/6. Figure 6b shows the design of the distributor where
�1 ∼ �14 inside the design domain are constrained to have
a zero flow rate (FR1 ∼ FR14 = 0) and outlets �15 ∼ �20

are constrained as FR15 ∼ FR20 = 1/6. Figure 7a and
b show the optimized results where the flow rates on 20
outlets are specified with a symmetrical and unsymmetrical
distribution, respectively.
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