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The field enhancement factor of gated nanotube with opened top was analytically calculated by the
electrostatic method. The effect of geometrical parameters of the device on their field enhancement
factor was investigated, including the gate-hole radius, gate-anode distance, and nanotube radius.
The theoretical analysis shows that the enhancement factor increases greatly with the decrease of
gate-hole radius. However, if the gate voltage is zero, the factor increases with the increase of
gate-hole radius, and finally reaches a constant, which increases with the increase of nanotube length
L. The enhancement factor � gets larger when the nanotube radius gets smaller. As the gate-anode
distance d2 is finite, the � will decrease with the increase of d2. If the d2 is infinite, the effect of
gate-anode distance on � can be ignored. All the results of theoretical calculation can provide useful
information in the fabrication and design of the gated nanotube cold cathode for field emission
display panels and other nanoscale triode devices. © 2007 American Institute of Physics.
�DOI: 10.1063/1.2818019�

I. INTRODUCTION

Carbon nanotubes are of increasing interest due to their
remarkable field emission properties for their applications to
vacuum nanoelectronic devices.1–4 Carbon nanotubes are just
rolled graphite sheets and have a diameter of the order of
nanometer and up to a few micrometers in length. Due to
their small diameters and relatively long height, nanotube
has a high aspect ratio and thus generates a large electric
field enhancement, which would lead to the greater local
field at the top of nanotubes. The emission electrons could
penetrate the potential barrier into the vacuum with tunnel
effect,5,6 and the higher current density could obtain with a
lower voltage. Therefore, carbon nanotubes can be consid-
ered to be ideal candidates for the next generation field emit-
ters for flat panel displays, field emission electron source,
microwave power amplifiers, and so on.7–9

Calculation and simulation for the field emission from
carbon nanotubes are mainly concentrated on the individual
nanotube10–15 or several nanotubes without gate
electrode.16–19 Some works have shown that the field emis-
sion properties can be influenced by the parameters such as
the aspect ratio of nanotube, the anode-cathode distance,
vacuum environment, nanotube with open/close caps, gate-
hole diameter, etc.20–24 An important factor in field emission
is the relationship between the applied and the local electric
field where electron tunneling occurs. The field enhancement
factor � is defined as �=Ea /Em, where Ea is the actual elec-
tric field at the apex of the carbon nanotube and Em is the

macroscopic applied electric field. Kokkorakis et al.10,11 re-
ported that the factor � is as a function of h /r and the en-
hancement factor of the open nanotube is larger than that of
the closed carbon nanotube, where h is the height of the
carbon nanotube and r is the radius of its cap by the calcu-
lation of the field enhancement factor of the open and closed
carbon nanotubes with computer simulation. The field en-
hancement factor of nanotubes array on a planar cathode
surface was calculated with model of floating spheres com-
bined with the image charge method by Zhu et al.16 and
Wang et al.17–19 The gated nanotube cold cathode is one of
the important parts for field emission flat panel displays and
other field emission nanotube cold cathode devices;25–27 the
gate-hole radius, spacing between gate and cathode, and ap-
plied gate voltage also greatly affected their field emission
properties. Using the SIMION 3D 7.0 software and numerical
simulation method, Shi and Pi,24 Nicolaescu et al.28 and
Nicolaescu29 obtained the variation behavior of the field en-
hancement factor and gate-hole radius, nanotube radial posi-
tion r for gated field emission carbon nanotube cold cathode.
Although the computer simulation and numerical calculation
methods �for solving Laplace equation� were successful in
calculating the field distribution and the field enhancement
factor in various cases, people also wanted to look for some
model systems, which could be solved analytically, with
which the trend of the enhancement factor versus various
parameters can be easily discussed.

In this paper, the influences of some parameters of triode
configurable field emission cold cathode with an individual
conductive nanotube as emitter on their field enhancement
factor are investigated, in which nanotube is placed in the
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center of gate-hole. An ideal model for the field emission
cold cathode device is setted up. The spatial distributions of
the electric potential and the field near the apex of the indi-
vidual nanotube are analytically calculated on the basis of
classical electrostatic theory. The external electric field
around the nanotube top surface and enhancement factor are
expressed by analytic equations. The field enhancement fac-
tor for apex of gated individual nanotube is given as the
following expression �=�+�, in which � and � are the func-
tion of some parameters such as the gate voltage, anode volt-
age, the geometrical parameters, etc.

II. MODEL OF THE GATED NANOTUBE COLD
CATHODE

For the used model, the conductive single nanotube with
opened top operates as the emitter of cold cathode and the
nanotube is taken as a conductive hollow cylinder of thin
width with small radius, which is vertically placed on cath-
ode plate and in the center of the gate-hole. The geometrical
structure sketch of the gated nanotube cold cathode is shown
in Fig. 1. In order to simulate the field emission from gated
nanotube, we assume that the spacing between the cathode
and the gate electrode is d1, the diameter of the nanotube
outside is 2r0, which equals to the diameter of the cylindrical
tube �the wall thickness of nanotube is ignored�. And the
distance between the gate electrode and anode is d2, the gate-
hole radius is R, the height of the nanotube is L, which
equals to d1. Among all the calculation process, the potential
of cathode is zero, and the potentials of the anode and gate
are Va and Vg, respectively. In our calculation process, the
space charge effects, thickness of the gate-electrode, and
edge effects of the cathode are neglected and we assumed
that the sizes of the all electric plates including anode, cath-
ode, and gate-electrode are much larger than r0, R, d1, d2,
and so on. Therefore, this ideal model mentioned above is
rather propitious to the studies of a gated cold cathode with
the thin-walled carbon nanotube with opened end as emitters.

III. CALCULATION FOR FIELD AROUND THE GATED
NANOTUBE TOP

A. Principle of the algorithm

In order to calculate the field and potential distribution, a
cylindrical coordinate system is used in this paper shown in
Fig. 2. The r, z, and � are the positions of radial, axial
direction, and angle, respectively. The intersected point of
the cathode electrode and axes of cylindrical tube was taken
as the origin in this study. The electric potential distribution

around the nanotube in a triode configuration should be sat-
isfied with Poisson equation, which can be expressed by the
equation

�2��z,r,�� =
�

�
, �1�

where the �, �, and ��z ,r ,�� are the density of space
charges, insulation constant of the medium, and the potential
of electric distribution, respectively. The boundary condi-
tions of potential distribution near the nanotube in the model
of triode structure are as follows: ���z=0=0,
���� /�r��z=�d1+d2�=0, ���z=�d1+d2�=Va, ���z=d1

r=R =Vg, ���r=r0
=V0

in the region of 0�z�L, etc. Since the space charge effects
could be ignored, the potential distribution of the triode
would be in accord with Laplace equation,

�2��z,r,�� = 0. �2�

For the potential being symmetrical around the axis of
single nanotube in the triode structure, the solutions of the
Eq. �2� can be obtained through variable separation method
under the conditions of k=0 and k	0, respectively.

��z,r� = �az + b��A ln r + B�, �k = 0� , �3�

��z,r� = �a� exp�kz� + b� exp�− kz���A�J0�kr�

+ B�N0�kr��, �k 	 0� , �4�

where the k, a, b, A, B, a�, b�, A�, and B� are all constants,
and J0�kr� and N0�kr� are the Bessel function and Neumann
function, respectively.

B. The electric field over the nanotube top

In our model, the function of ��z ,r� must be the limited
values in triode structure, but the two functions of ln�r� and
N0�kr� have the following properties: limr→0 ln�r�→−
,
limr→0 N0�kr�→−
 in the region of L�z� �d1+d2�. Keep-
ing the function of electric potential distribution to be a lim-
ited value, it is required A=0 and B�=0 in the above two
equations �Eqs. �3� and �4��. Thus the above Eqs. �3� and �4�
must be rewritten as

� = az + b , �5�

��z,r� = A��a� exp�kz� + b� exp�− kz��J0�kr� . �6�

Considering the boundary conditions ���� /�r��z=�d1+d2�
=0 and ���z=d1+d2

=Va, the function of potential distribution
over the top of nanotube may be expressed by the following
equation:

FIG. 1. The model of gated nanotube cold cathode.
FIG. 2. The calculation model of gated nanotube cold cathode device.
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��z,r� = Va − a�d1 + d2 − z� + �
i=1




Ci exp�− kiz��1 − exp�

− 2ki�d1 + d2 − z���J0�kir� , �7�

where Ci�i=1,2 ,3 , . . . � are constants. In view of the proper-
ties of Bessel function and the boundary conditions ���z=d1

r=R

=Vg and ���z=L
r=r0 =0, the approximate solution of the electric

potential distribution of nanotube top can be given by Eq.
�8�,

��z,r� = Va − 	 �Va − Vg�J0�k1r0� − VaJ0�k1R�
�J0�k1r0� − J0�k1R��d2


�d1 + d2

− z� − 	Va −
�Va − Vg�J0�k1r0� − VaJ0�k1R�

�J0�k1r0� − J0�k1R�� 

�

exp�− k1z��1 − exp�− 2k1�d1 + d2 − z���
exp�− k1d1��1 − exp�− 2k1d2��J0�k1r0�

J0�k1r� .

�8�

Therefore, the electric field intensity on the top of the nano-
tube is obtained from the formula −���z ,r�=E of electric
potential grads combining with Eq. �8�,

Er = − k1	Va −
�Va − Vg�J0�k1r0� − VaJ0�k1R�

�J0�k1r0� − J0�k1R�� 

�

exp�− k1z��1 − exp�− 2k1�d1 + d2 − z���
exp�− k1d1��1 − exp�− 2k1d2��J0�k1r0�

J1�k1r� ,

�9�

Ez = − 	 �Va − Vg�J0�k1r0� − VaJ0�k1R�
�J0�k1r0� − J0�k1R��d2


 − k1	Va

−
�Va − Vg�J0�k1r0� − VaJ0�k1R�

�J0�k1r0� − J0�k1R�� 

�

exp�− k1z��1 + exp�− 2k1�d1 + d2 − z���
exp�− k1d1��1 − exp�− 2k1d2��J0�k1r0�

J0�k1r� .

�10�

The Er and Ez are denoted to the electric field intensities of
radial direction and axial direction, respectively.

C. The electric field around the nanotube outside

Under the conditions of 0�z�L and r0�r in the triode
model, considering the boundary conditions including
���z=0=0 and ���r=r0

=0, the function of electric potential
distribution can be expressed as the following equation:

��z,r� = �
i=1




Ai� sh�kiz��J0�kir� −
J0�kir0�
N0�kir0�

N0�kir�� , �11�

where Ai��i=1,2 ,3 , . . . � are constants. We assumed that
��L ,r� is a composite function of the Bessel functions
J0�k1r� and N0�k1r�, namely, ��L ,r�=Um�J0�k1r�
−J0�k1r0�N0�k1r� /N0�k1r0�� at z=L, where the Um is a con-
stant and is equal to the electric potential at the center of the
circular gate-hole when without nanotube. As the gate-hole
radius is not too large �i.e., under the condition of R

��d1d2 / �d1+d2��, Um may be described by Vg+R��Va

−Vg� /d2−Vg /d1� /� with Scherzer formula.30 However, if
the R is much larger than d1, the constant Um will be ap-
proximately equaled to the Vad1 / �d1+d2�. Therefore, the fol-
lowing equations A1�=Um /sh�k1L�, Ai�=0 �i=2,3 ,4 , . . . � are
obtained from the Eq. �11�, and the function of electric po-
tential distribution is rewritten as follows:

��z,r� = Um
sh�k1z�
sh�k1L��J0�k1r� −

J0�k1r0�N0�k1r�
N0�k1r0� � . �12�

Thus the corresponding electric field intensities can be
obtained as follows:

Ez = − k1Um
sh�k1z�
sh�k1L��J0�k1r� −

J0�k1r0�N0�k1r�
N0�k1r0� � , �13�

Er = k1Um
sh�k1z�
sh�k1L��J1�k1r� −

J0�k1r0�N1�k1r�
N0�k1r0� � , �14�

where Er and Ez are the electric field intensities of radial
direction and axial direction, respectively.

In addition, the following relationship is also obtained
from Eq. �12� with the boundary condition ���z=d1

r=R =Vg due
to the height of nanotube equals the spacing of cathode to
gate electrode in this paper,

VgN0�k1r0�/�N0�k1r0�J0�k1R� − J0�k1r0�N0�k1R�� = Vg

+ R��Va − Vg�/d2 − Vg/L�/� .

So, k1 can be determined by equation above.

IV. CALCULATION FOR FIELD ENHANCEMENT
FACTOR

In order to compute the enhancement factor, the actual
electric field at the end of nanotube is calculated from Eq.
�14� at the conditions of r=r0 and z=L. The actual electric
field could be expressed as

Ea = ��Vg + ��Va, �15�

where ��=k1�1−R�L+d2� /�Ld2��J1�k1r0�
−J0�k1r0�N1�k1r0� /N0�k1r0�� and ��=k1R /�d2�J1�k1r0�
−J0�k1r0�N1�k1r0� /N0�k1r0��, respectively. Namely, the ��
and �� are as the function of gate-hole radius R, nanotube
radius r0, gate-anode distance d2, nanotube height L, gate
voltage, the anode voltage, etc. The calculated result in Eq.
�15� is in accordance with equation of Ea in Ref. 29.

For the above calculation model, the macroscopic elec-
tric field can be expressed as Em=Va / �d1+d2� when gate
voltage is zero, which is considered as the corresponding
macroscopic electric field of gated structure in this study.
Thus the field enhancement factor was determined with the
formula �=Ea /Em,

� = � + � , �16�

where �=���d2+L�Vg /Va and �= �d2+L���, respectively.

V. RESULTS AND DISCUSSION

Figure 3 shows the equipotential lines for gated open
nanotube with different gate-hole radii and nanotube radii
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when the gate voltage is zero. The equipotential lines for the
model with same nanotube size and different gate-hole radii
are shown in Figs. 3�a� and 3�b�, and the equipotential lines
for the same gate-hole radii and different radii of nanotube
with the same heights are shown in Figs. 3�b� and 3�c�. We
can see that the equipotential lines and field penetrated into a
greater extent between the gate and cathode for the gated
open nanotube cold cathode with larger gate-hole radius. It
indicates that the corresponding enhancement factor is larger
for the gate-hole with larger radius when gate voltage is zero
because the screening effect of gated electrode for the field
around the nanotube is weak in this instance.

The variation of enhancement factor versus gate-hole ra-
dius at Va=1000 V, Vg=100 V, L=10 m, d2=200 m, r0

=0.02 m is shown in Fig. 4�a�. The result shows that the
enhancement factor increases rapidly with the decrease of the
gate radius, which is in accordance with the result of Ref. 28.

However, the field enhancement factor should be de-
scribed by following equation when the gate voltage is zero:

� = k1l�J1�k1r0� − J0�k1r0�N1�k1r0�/N0�k1r0�� , �17�

where l is the effective length of nanotube. When R is not
much larger than L �in the region of R��Ld2 / �L+d2��, the l
should be equaled to R�1+L /d2� /�. So the enhancement fac-
tor can be rewritten as �=�, which is the same as the result
obtained from Eq. �16� when the gate voltage is zero. How-
ever, if the gate-hole radius R is much larger than nanotube
height L, the l will be equaled to the nanotube height L
because the electric field screening effect of gate electrode
for the field around the nanotube is very small, and the pen-
etrated fields of under the gate-hole are largest for the gated
nanotube cold cathode with enough large gate-hole radius,
when the gate voltage is zero.

Furthermore, we also compute the field enhancement
factor for the different gate-hole radii of model with different
nanotube heights �L=10, 8, 5 m� at r0=0.02 m, Vg=0,
and the corresponding variation curves for the field enhance-
ment factors as a function of gate-hole radius are shown in
Fig. 4�b�. However, the solution results show that the en-
hancement factor increases with the increase of the gate-hole
radius under the conditions of R��L and the infinite gate-
anode distance �which is much larger than nanotube height�
at Vg=0 because the gate voltage effect for enhancement of
field is not main and the gate electrode has some electric
field screening effect for the field around the nanotube. When
the R is larger than �L, the � is close to the maximum of the
enhancement factor, which increases with the nanotube
height due to the small electric screening effect in this in-
stance.

Figure 5 shows the enhancement factor � as a function
of nanotube radius when the gate-anode distance is infinite at
the conditions of L=20 m and R=60 m. The enhance-
ment factor decreases rapidly with the increase of nanotube

FIG. 3. The equipotential lines for gated open nanotubes with different
gate-hole radii and nanotube radii when applied gate voltage is zero.

FIG. 4. �Color online� The plots of field enhancement factor as a function of
gate-hole radius; �a� shows the variation of � vs R at Va=1000 V, Vg

=100 V, L=10 m, d2=200 m, r0=0.02 m and �b� shows the variation
of � vs R when the gate-anode distance is infinite at different nanotube
heights of 0.01, 0.02, and 0.03 m, and Vg=0, respectively.

FIG. 5. The variation of enhancement factor � vs nanotube radius when the
gate-anode distance is infinite at L=20 m, R=60 m.
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radius, and its variation law is almost in accordance with the
calculation and simulation results of diode configuration and
experiment.10–15

The influence of anode-cathode distance on field en-
hancement factor of individual nanotube and several nano-
tubes array for planar cathode was reported by Wang et
al.17–19 The simulation results showed that the enhancement
factor decreased with the increase of the anode-cathode dis-
tance when the anode-cathode distance was not much larger
than the nanotube height. However, when the anode-cathode
distance is infinite, the effect of anode-cathode distance on
enhancement factor is very weak in the model of diode struc-
ture. In our paper, the variation of enhancement factor �
versus gate-anode distance d2 under the conditions of r0

=0.01 m, d1=10 m, and R=30 m is shown in Fig. 6.
The effect of d2 on the factor is very weak, which is com-
pared to the effect of r0 and R, although the enhancement
factor will increase a little when the gate-anode distance is
less than the spacing of 500 m. The overall effect of d2 on
the enhancement factor is weak, therefore � can be consid-
ered as a constant when d2 is larger than 500 m. At the
threshold voltage of field emission, the field strength E at the
top is fixed. From the expression of E=�Va / �d1+d2�, we see
that one should make d2 smaller in order to get lower thresh-
old voltage.

VI. CONCLUSIONS

The field enhancement factor of gated nanotube with
opened top was analytically calculated by the electrostatic
method in this paper. These consequences above are almost
consistent with the simulation results for enhancement factor
of nanotube in diode and triode structures. Therefore, the
theoretical calculation results could provide useful informa-
tion for the fabrication and design of the gated nanotube cold
cathode field emission display panels and other nanoscale
triode devices.
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