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The field-enhancement factor � on an individual nanowire with flattop was calculated analytically
by the electrostatic method in a gated structure. To evaluate the influences of the geometrical
parameters—including the gate-hole radius R, nanowire radius r0, nanowire length L, and
gate-anode distance d2 for �—the authors proposed an ideal model of the gated single nanowire
�L�d1�, where d1 is the gate-cathode space. The calculation results showed that � decreases rapidly
with both R and r0 and eventually saturates to a fixed value if R tends to infinity. It increases almost
linearly with an increase in the nanowire height. When d2 is not much larger than d1 and R, �
decreases slightly as d2 increases, but the effect of the gate-anode distance on � can be ignored if
d2 is infinite. These results provide useful information on fabricating and designing gated nanowire
cold cathodes for field-emission display panels and other nanoscale triodes. © 2009 American

Vacuum Society. �DOI: 10.1116/1.3205005�
I. INTRODUCTION

Nanowires are one of the most exciting discoveries in
nanoscale physics.1,2 They are one of best electron-emitting
materials available because of their remarkable field-
emission properties for application to vacuum microelec-
tronic devices.3–5 The unique structure of nanowires can gen-
erate a large electric-field enhancement. This leads to a
greater local field at the top of nanowires, and the emission
electrons can penetrate the potential barrier into the vacuum
using the tunneling effect.6,7 A higher current density occurs
at a low external electric field. Therefore, nanowires are con-
sidered ideal candidates for next-generation field emitters for
flat-panel displays, field-emission electron sources, and mi-
crowave power amplifiers.8–10

Studies have shown that many parameters, including the
aspect ratio of nanowires, anode-cathode distance, and inter-
wire distance, can influence the field-emission properties of
the nanowires.11–18 In particular, the gate-hole radius, gate-
anode distance, and gate voltage can affect the emission
properties of the nanowires in triodes or gated devices.19–25

The field-enhancement factor is an important factor that in-
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dicates the field-emission properties of field-emission cold
cathode devices. It is generally related linearly to the aspect
ratio of nanoemitters in diode models. At present, such stud-
ies have mainly concentrated on diode structures. Wang and
co-workers,16,17 using the image method and floated-sphere
model, explained the influence of the intertube distance and
anode-cathode distance for the field-enhancement factor on a
planar cathode surface.

Many experimental and theoretical analyses have
proven22–25 that the electric field at the nanoemitter top sur-
face is a linear equation of the anode Va and gate Vg voltages
in the triodes. Nicolaescu and co-workers22,24,25 reported the
relationship between the field correlation factors and the geo-
metrical parameters of the nanotriode using the numerical
simulation method and SIMION 3D 7.0. The variation behav-
iors of the field correlation factors for the gate-hole radius,
emitter height, and top radius of the nanowire were devel-
oped. The computer simulation and numerical calculation
methods �for solving Laplace’s equation� were successful in
calculating the field distribution at the top of the nanowire
and the field-enhancement factor in various cases. However,
there is a need for model systems that can be solved analyti-
cally, from which the variation in the enhancement factor for
various parameters can be easily determined.

In this article, the actual fields at the top surface of the

gated nanowire and the enhancement factor of the apex were

2217/27„5…/2217/5/$25.00 ©2009 American Vacuum Society
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2218 Lei et al.: Calculation of electron emission from a gated single nanowire 2218
calculated for the case where the nanowire is lower than that
of the gate plane. The field-enhancement factor is expressed
by �=�a+�g, where �g=��d2+d1� ·Vg /Va, �a=��d2+d1�, �
and � are functions of the geometrical parameters, and Vg

and Va are the gate and anode voltages, respectively. Finally,
we investigated the behavior of the field-enhancement factor
versus gate-hole radius, nanowire radius, nanowire length,
and gate-anode distance. The variation behavior of field-
enhancement factor for geometrical parameters agrees with
the theoretical results.24,25 These results provide useful infor-
mation on fabricating and designing gated nanowire cold
cathodes for field-emission display panels and other nano-
scale triodes.

II. MODELING AND CALCULATIONS

A. Model

The model system of the gated single-nanowire cold cath-
ode is described as follows. One of the nanowire with a
flattop is regarded as the emitter of the cold cathode, which
is considered a conductive cylinder with radius r0, placed
vertically on an infinite cathode plane under the center of the
gate circular hole with radius R �several micrometers�, as
shown in Fig. 1. Another infinite thin plane, which is taken
as the gate electrode with a potential of Vg, where the thick-
ness of plane can be neglected, is parallel to the cathode
plane and the spacing to the cathode is d1 �several microme-
ters�. The potential of the nanowire surface is maintained at
zero, which is equal to the cathode potential.

In the two-dimensional model, an additional anode elec-
trode with Va potential is introduced and is parallel to the
gate electrode, where d2 is the space from the gate electrode,
as shown in Fig. 2. To simulate the field emission from the
gated nanowire, we assume that the height of the nanowire is
L, and the space-charge effects and edge effects of the de-
vices are neglected.

B. Field calculations near the nanowire

The cylindrical coordinate system was used, and the ori-

FIG. 1. Model of the gated nanowire.
gin was selected at the intersection point of the cathode plane
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and tube axis. Because space-charge effects are ignored, the
potential distribution near the nanowire in the triode satisfies
Laplace’s equation,

�2��z,r,�� = 0. �1�

The boundary conditions of the potential distribution are as
follows: ���z=0=0, ���� /�r��g=�d1+d2�=0, ���z=�d1+d2�=Va,
���z=d1

r�R =Vg, and ���r=r0
=0 in the range of 0	z	L.

Solutions for potential will be obtained for the two re-
gions, z	L and z�L, and will be matched at Z=L, r=R.
Thus, the solutions of Eq. �1� can be obtained by separation
of variables when k=0 and k
0, respectively,

��z,r� = �az + b��A ln r + B� �k = 0� , �2�

��z,r� = �a� exp�kz� + b� exp�− kz���A�J0�kr�

+ B�N0�kr�� �k 
 0� , �3�

where k, a, b, A, B, a�, b�, A�, and B� are constants and
J0�kr� and N0�kr� are Bessel and Neumann functions of the
order of zero, respectively.

The function ��z ,r� must be of finite value in the region
L	z	 �d1+d2� because the potentials are finite in our
model. However, as r tends to zero, then the two terms ln�r�
and N0��kr� above are diverge as limr→0 ln�r�→−� and
limr→0 N0�kr�→−�. Hence, the potential distribution will
only be finite when A=0, B�=0 in Eqs. �2� and �3�, which
become

� = az + b , �4�

��z,r� = A��a� exp�kz� + b� exp�− kz��J0�kr� . �5�

Considering the boundary conditions ���� /�r��z=�d1+d2�
=0 and ���z=d1+d2

=Va, the potential distribution over the top
of the nanowire may be expressed by

��z,r� = Va − a�d1 + d2 − z� + �
k

Ck exp�− kz�

��1 − exp�− 2k�d1 + d2 − z���J0�kr� , �6�

FIG. 2. Calculation model of the gated nanowire.
where Ck is constant. This solution will be approximated by
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2219 Lei et al.: Calculation of electron emission from a gated single nanowire 2219
using only one value of k. This value of k is defined later by
Eq. �14�.

The local electric fields are only calculated near the sur-
face of the nanowire �in the region r	R� in our work. There-
fore, it is not necessary to consider the potential distribution
in the region r
R when the gate-hole radius is much larger
than the nanowire radii r0. According to the properties of
Bessel functions and the boundary conditions ���z=d1

r=R =Vg

and ���z=L
r=r0 =0, the approximate solution of the electric po-

tential over the top of the nanowire in the region r	R is

��z,r� = Va − a�d1 + d2 − z�

+ C
exp�− k1z��1 − exp�− 2k1�d1 + d2 − z���
exp�− k1L��1 − exp�− 2k1�d1 + d2 − L���

J0�k1r� ,

�7�

where k1, a, and C are constants and a and C are determined
by the following equations:

a 	
Va exp�− k1�d1 − L��J0�k1R� − �Va − Vg�J0�k1r0�

�d1 + d2 − L�exp�− k1�d1 − L��J0�k1R� − d2J0�k1r0�
,

C =
��d1 + d2 − L�Vg − �d1 − L�Va�

�d1 + d2 − L�exp�− k1�d1 − L��J0�k1R� − d2J0�k1r0�
,

respectively. In obtaining these relations, exp�−2k1d2� has
been ignored in comparison with 1.

Hence, the fields over the top of the nanowire can be
expressed by

Etr = − k1C
exp�− k1z��1 − exp�− 2k1�d1 + d2 − z���
exp�− k1L��1 − exp�− 2k1�d1 + d2 − L���

J1�k1r� ,

�8�

Etz = − a

+ k1C
exp�− k1z��1 + exp�− 2k1�d1 + d2 − z���
exp�− k1L��1 − exp�− 2k1�d1 + d2 − L���

J0�k1r� .

�9�

We now consider a second solution for potential for use in
the region z� =L. Similarly, considering the boundary con-
ditions ���z=0=0 and ���r=r0

=0 in the case of 0	z	L, the
electric potential distribution near the outside of the nano-
wire can be expressed by

��z,r� = �
i=1

�

Ai�
J0�kir� −
J0�kir0�
N0�kir0�

N0�kir��sh�kiz� , �10�

where Ai��i=1,2 ,3 , . . . � are constants.
On the other hand, the electric potential must be a solu-

tion of Laplace’s equation �1�, so Eq. �10� can be rewritten as
��z ,r�=�1�z��2�r�, where 1�z� and 2�r� are func-
tions of z and r, respectively. From Eq. �3�, we can see that
the function 2�r� can be expressed as a linear superposition
of both Bessel J0�k�r� and Neumann N0�k�r� functions in the
range of k�
0, i.e., 2�r�=C�J0�k�r�+DN0�k�r�, where k�,
C�, and D are constants. Based on the boundary condition

���r=r0

=0, the function above can be written as 2�r�

JVST B - Microelectronics and Nanometer Structures
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=C��J0�k�r�−J0�k�r0�N0�k�r� /N0�k�r0��. Thus, the function
��L ,r� can be expressed by ��L ,r�=Um�J0�k�r�
−J0�k�r0�N0�k�r� /N0�k�r0�� at z=L, r
r0, where C� and Um

are coefficients. If assumed as k�=k1, the following equa-
tions Ai�=Um /sh�k1L�, Ai�=0 �i=2,3 ,4 , . . . � are obtained
from Eq. �10�, and the electric potential around the outside of
the can be rewritten as

��z,r� = Um
sh�k1z�
sh�k1L�
J0�k1r� −

J0�k1r0�N0�k1r�
N0�k1r0� � . �11�

The potential and axial electric fields should be continu-
ous at z=L for r�R. To approximate this condition, we set
Eq. �7� equal to Eq. �11� at z=L, r=R. Thus, Um obtained
from Eqs. �7� and �11� and expressions of a and C is

Um =
��d1 + d2 − L�Vg − �d1 − L�Va�

�d1 + d2 − L�exp�− k1�d1 − L��J0�k1R� − d2J0�k1r0�
.

Hence, the following corresponding electric-field intensi-
ties near the outside of the nanowire are obtained as:

Esz = k1Um
ch�k1z�
sh�k1L�
J0�k1r� −

J0�k1r0�N0�k1r�
N0�k1r0� � , �12�

Esr = k1Um
sh�k1z�
sh�k1L�
J1�k1r� −

J0�k1r0�N1�k1r�
N0�k1r0� � , �13�

where Esr and Esz are the electric-field intensities in the ra-
dial and axial directions in the case of r�r0, 0	z	L.

In addition, Eq. �14� can be obtained if we assume that the
potentials amount to about VgL /d1 at the points of z=L,
where r�R because the electric field in the triode tends to a
uniform field when r tends to infinity,

VgL

d1
= Um
J0�k1R� −

J0�k1r0�N0�k1R�
N0�k1r0� � . �14�

Thus, k1 is determined by Eq. �14�.

III. FIELD-ENHANCEMENT FACTOR

The field-enhancement factor � is defined as
16,17

FIG. 3. Curves of the gate and anode field correlation factors � and � for the
gate-anode distance d2.
�=Ea /Em, where Ea is the actual electric field at the
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2220 Lei et al.: Calculation of electron emission from a gated single nanowire 2220
apex of the nanowire and Em is the macroscopic applied
electric field. To compute the enhancement factor, the actual
electric field on the edge of the nanowire is calculated from
Eqs. �9� and �13� at r=r0, z=L. Thus, the actual electric field
at the top edge of the nanowire can be expressed by

Ea = �Esr
2 + Etz

2 . �15�

Etr expresses only the electric field over the top of nano-
wire at the radial direction and is discontinuous on the flattop
of the nanowire so it does not explain the part of electric

field on the nanowire top edge at the radial direction as z

length L.

J. Vac. Sci. Technol. B, Vol. 27, No. 5, Sep/Oct 2009
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=L, r=r0. Thus we choose to use Esr as the electric field on
the nanowire top edge at radial direction in Eq. �15�.

According to our model, the macroscopic electric field
between the anode and the cathode can be expressed as Em

=Va / �d1+d2� in the diode structure �without a gate elec-
trode�, which corresponds to macroscopic electric field in
this study. Hence, obtained the field-enhancement factor is
obtained by

� = �a + �g, �16�

where �a=��d2+d1�, �g=��d2+d1� ·Vg /Va, � and � are
called the anode field correlation factor and the gate field

24,25
correlation factor, which are determined by
� 	
k1�L − d1��J1�k1r0�N0�k1r0� − J0�k1r0�N1�k1r0��

��d1 + d2 − L�exp�− k1�d1 − L��J0�k1R� − d2J0�k1r0��N0�k1r0�
,

� 	
k1�d1 + d2 − L��J1�k1r0�N0�k1r0� − J0�k1r0�N1�k1r0��

��d1 + d2 − L�exp�− k1�d1 − L��J0�k1R� − d2J0�k1r0��N0�k1r0�
,

respectively.

IV. RESULTS AND DISCUSSION

To particularize the influences of the geometrical param-
eters on field-enhancement factor, the variation behaviors of
the enhancement factor for d2, L, r0, and R are calculated at
d1=10 �m, Va=2000 V, and Vg=100 V.

The variation curves of the anode field correlation factor
� and gate field correlation factor � for the gate-anode
distance are given in Figs. 3�a� and 3�b� at r0=10 nm,
L=9.8 �m, and R=3 �m. We can see the anode field
correlation factor and gate field correlation factor increase
slowly with the decreases in the gate-anode distance when d2

is finite and � and � are the similar variation behaviors for

FIG. 4. Plot of the field-enhancement factor � as a function of the nanowire
d2. However, the effects of d2 on the correlation factors can
be neglected when d2 is infinite. Thus, the field-enhancement
factor decreases as d2 increases when d2 is finite. The influ-
ence of d2 on the � can be neglected when d2 is infinite.

The field-enhancement factor can be expressed simply by
Eq. �16� as long as the field correlation factors have been
determined. The variation behavior of the enhancement fac-
tor versus L is almost linear, with a slope of 29.35 /�m at
d2=500 �m, r0=10 nm, and R=5 �m, as shown in Fig. 4.

Figure 5 shows the influence of the nanowire radius on
the enhancement factor at d2=500 �m, R=5 �m, and L
=9.8 �m. We can see that the enhancement factor decreases
as the nanowire radius increases. The above variation behav-
iors are similar to the behavior of enhancement factors for

FIG. 5. Variation curve of the field-enhancement factor � for the nanowire

radius r0.
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2221 Lei et al.: Calculation of electron emission from a gated single nanowire 2221
individual nanowires on the planar cathode.11–18 The en-
hancement factor as a function of the gate-hole radius at d2

=500 �m, r0=10 nm, and L=9.8 �m is shown in Fig. 6. We
find that the enhancement factor decreases greatly as the
gate-hole radius increases and tends to a fixed value if R
tends to infinity. This is because the influences of the gate-
hole brim for the electric field at its center are very weakly
when a larger gate-hole radius. These results agree with nu-
merical simulation results.24,25

V. CONCLUSION

An ideal model, i.e., a gated single open nanowire cold
cathode is proposed, and we investigated the actual electric
field at the nanowire apex, field correlation factors, and en-
hancement factor. The calculation results agree well with ex-
perimental and theoretical results.19–25 Therefore, they pro-
vide useful information in fabricatining and designing gated
nanowire cold cathodes for field-emission display panels and
other nanoscale triode devices.

FIG. 6. Variation curve of the field-enhancement factor � vs the gate-hole
radius R.
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