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Abstract: Femtosecond optical pulses were used to generate THz-
frequency phonon polariton waves in a 50 micrometer lithium niobate slab,
which acts as a subwavelength, anisotropic planar waveguide. The spatial
and temporal electric field profiles of the THz waves were recorded for
different propagation directions using a polarization gating imaging system,
and experimental dispersion curves were determined via a two-dimensional
Fourier transform. Dispersion relations for an anisotropic slab waveguide
were derived via analytical analysis and found to be in excellent agreement
with all observed experimental modes. From the dispersion relations, we
analyze the propagation-direction-dependent behavior, effective refractive
index values, and generation efficiencies for THz-frequency modes in the
subwavelength, anisotropic slab waveguide.
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1. Introduction

Terahertz-frequency phonon polariton generation, control and detection have received
extensive attention in recent years due to their outstanding capabilities in terahertz (THz)
spectroscopy, imaging and advanced signal processing [1-5]. Phonon polariton waves result
from the coupling of lattice vibrational waves and electromagnetic waves, and can be
generated in ferroelectric crystals such as LiNbO; (LN) via impulsive stimulated Raman
scattering (ISRS) using femtosecond optical pulses [6,7]. The electromagnetic component of
the phonon polariton wave can be coupled into free space and is a source for intense THz
pulses [8-12]. THz waves generated in the sample do not propagate collinearly with the pump
beam due to the large index-mismatch between optical and THz frequencies. Instead they
generate a Cherenkov radiation pattern and propagate primarily in the lateral direction [13,
14]. This lateral propagation facilitates coherent control of the THz wave, which can easily be
made to interact with subsequent optical pulses, other THz waves, or patterned structures all
in the same small crystal of LN. As a result, a LN slab can serve as a platform for THz
processing because generation, propagation, detection, and control can be fully integrated in
one sample [5, 15]. Furthermore, when the sample thickness becomes comparable to or less
than the THz wavelength, the strong evanescent field of the THz wave can interact with
material deposited on the crystal surface. This opens the door for spectroscopic analysis and
interfacing the LN slab with other optical or photoelectric devices.

Because the THz wave propagates almost perpendicular to the optical pump beam, it is
possible to obtain time-resolved images of the electric field in the LN slab. As the THz wave
propagates through the crystal, its electric field changes the refractive index through the
electro-optic effect. The time-delayed probe pulses, which can be expanded to illuminate the

#136308 - $15.00 USD  Received 8 Oct 2010; revised 18 Nov 2010; accepted 19 Nov 2010; published 1 Dec 2010
(C)2010 OSA 6 December 2010 / Vol. 18, No. 25/ OPTICS EXPRESS 26352



whole crystal, experience a spatially dependant phase shift proportional to the refractive index
change. Four methods have been introduced to convert this phase pattern to an amplitude
image: Talbot imaging [2], Sagnac interferometry [16], polarization gating [16,18], and phase
contrast imaging [17]. In a recent comparison [18], an improved geometry for polarization
gating was found to offer the best sensitivity and most reliable field quantification, while
phase contrast imaging was best in situations requiring high spatial resolution. In this paper,
we used the polarization gating system similar to that shown in [18] to record a sequence of
images. The full spatio-temporal evolution was extracted from the image sequence and
double Fourier transformed to obtain the wave vector vs. frequency dispersion curves [e.g
17.]. The data collection and analysis were performed as a function of wave propagation
direction to study the complex mode structure present in an anisotropic slab waveguide,
which was found to be in excellent agreement with theory. From the dispersion relations we
extract the mode and propagation-angle dependent effective refractive index (ERI) and
discuss pumping efficiencies for THz phonon polariton waves in a LN waveguide.

2. Experimental section

The experiments were performed with a Ti:sapphire regenerative amplifier whose pulse
duration was 120 fs, central wavelength was 800 nm, and repetition rate was 1 KHz. The laser
pulses were divided into a pump beam (370 pJ per pulse) and probe beam (35 pJ per pulse).
The vertically polarized pump beam was routed through a mechanical delay stage and then
focused to a line on the sample by a 200 mm focal length cylindrical lens (about 1 TW/cm?).
The probe was frequency-doubled to 400 nm in a BBO crystal and expanded to be larger than
the sample. The probe beam is nearly collinear with the pump by using a dichroic mirror, so
the second harmonic wave of the pump on the sample, whose wavelength is the same as
probe, can be blocked with a razor blade on the focal plane of the imaging lens. Figure 1(a)
shows a sketch of the experimental setup and the coordinate system. A quarter-wave plate
(QW1) and a retroreflective mirror were used in a 4-f system. The mirror and lenses imaged
the sample precisely back onto itself without magnification or inversion. The axis of QW1,
which was the same as the first Glan-Taylor polarizer (GTP1), was at + 45° so it exchanged
the ordinary and the extraordinary polarization components of the probe. In this way the
spatially varying phase shift between the vertical and horizontal polarization components
accumulated from the probe’s first pass through the sample was compensated after the second
pass. The phase shift after the first pass resulted from the intrinsic birefringence of the LN
slab, and self-compensation was necessary to correct for spatial inhomogeneities in the phase
shift due to thickness variation, strain, or other imperfections in the slab. The phase shift
electro-optically induced by the THz wave, however, was not compensated because the THz
wave was launched only after the probe pulse had passed through the sample the first time.
The THz-induced phase information was converted to amplitude information prior to
detection with the camera by QW?2 (oriented vertically) and GTP2 (oriented at —45°). In this
geometry a positive field results in a positive amplitude change and vice versa [18].
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Fig. 1. (a) Overview diagram of the experimental setup. GTP1 and GTP2 are Glan-Taylor
prisms, whose polarizations are at + 45° and —45° to z-axis respectively. BS: 400 nm beam
splitter; CL: cylindrical lens; DM: dichroic mirror; RM: retroreflective mirror. QW1 and QW2
are zero order 400 nm quarter-wave plates with optic axes at + 45 ° and parallel to z-axis
respectively. The 800 nm pump (red) and 400 nm probe (blue) are nearly collinear when they
arrive at the sample, a 50 pm thick LiNbO; slab. (b) The pump geometry and coordinate
system. The 800 nm pump beam (red) propagates through the crystal, orthogonal to the crystal
surface, while the THz (green) is guided down the slab. (c) The cylindrical lens can be rotated
by 6 relative to the z-axis (the c crystallographic axis of the LN sample) in order to launch the
THz wave in a 90°-0 direction.

The pump geometry is shown in Fig. 1(b). Red lines represent the 800 nm pump beam and
green the broadband THz waves generated when the pump is focused into the 50 pm thick
LiNbO; crystal slab. Because the center wavelength of the THz phonon polariton wave is
about 100 um, the slab acts as a sub-wavelength waveguide. As Fig. 1(c) shows, the THz
wave propagation direction was changed by rotating the cylindrical lens. Because of the
strong anisotropy of LN at THz frequencies, the nature and behavior of the waveguide modes
change drastically as the propagation direction rotates relative to the optic axis.

3. Results

By changing the delay between the pump and probe pulses, a series of images can be
obtained. The image sequence can be compiled to form a movie showing THz propagation
[2-5, 17, 18]. Because the line focus launches plane-wave THz transients that propagate
laterally away from the focal region (i.e. the origin), in each image recorded at a different
probe time delay the signal was uniform along the direction of the line focus. Therefore at
each propagation distance from the origin, we averaged the signal over this direction,
collapsing each 2D matrix of values and the corresponding image to 1D. We then displayed
each 1D image corresponding to a selected time delay as a horizontal line, and we displayed
the 1D images one above the other in time order, showing the full temporal and spatial
information in a single graphic (Fig. 2(a)). From Fig. 2(a) we can see dispersion, reflection,
and different waveguide modes clearly and the THz electric field E(t) also can be acquired
using the same method as [18]. A 2-dimensional Fourier transformation of Fig. 2(a) yields the
THz dispersion curves (Fig. 2(b)). Along the vertical axis, time is transformed to frequency,
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and along the horizontal axis, space is transformed to the wave vector, k,, which is often
called the waveguide propagation constant, £. In Fig. 2, 8 = 0, so the crystal’s c-axis is
parallel to the 800 nm pump polarization. In this geometry, which has been most used in
previous work [2-5,15-18], only z-polarized THz is generated, and true transverse electric
(TE) modes are launched in the slab. Overlaid on the experimental data are the dispersion
curves for air (white line), bulk LN (magenta line), and the calculated TE mode dispersion
curves (see e. g [19].) up to a frequency of 2 THz for an isotropic slab waveguide with n = n,
(dotted blue lines). The curves show four TE waveguide modes, which propagate at different
group velocities, v, =de/dk, and phase velocities, v, = w/k . Cutoff frequencies can be

seen for the all but the first mode as expected. Although the isotropic waveguide analysis is

predictive in this simple geometry, a more complete analysis is required when 6 = 0, as will
be shown below.

frequency (THz)

0 1 2 3 4 5 6 7 0 50 100 150
x-position (mm) wave vector (rad/mm)

Fig. 2. (a) Space-time plot of a propagating THz wave. We can see waveguide dispersion (the
frequencies separate as time progresses), reflection from the crystal edge, and the first two
waveguide modes (the second mode has a higher frequency and a steeper slope because of its
lower group velocity) in this picture. The horizontal axis is the x-axis of the coordinate system
in Fig. 1 and vertical axis is the delay time between the probe and pump. (b) Dispersion curves
of the THz wave in the LN slab waveguide computed by taking 2D Fourier transformation of
(a). The horizontal axis is the wave vector, k (also called the propagation constant, 3), and the
vertical axis is frequency of THz wave in the sample. Theoretical dispersion curves in air
(white), bulk LN (magenta) and in a 50 pm slab waveguide (dotted blue) are overlaid on the
experimental data where the first three modes are visible.

In an anisotropic waveguide, constraints relating to propagation in bulk anisotropic
material and constraints relating to propagation in a waveguide both come into play. In bulk
anisotropic material waves are divided into two normal modes, ordinary waves and
extraordinary waves, which propagate through the material at different velocities [20]. In an
isotropic waveguide there are also two uncoupled eigenmodes, the transverse electric (TE)
and transverse magnetic (TM) modes, which propagate through the waveguide at different
velocities [19]. When 6 = 0 or 90°, these modes map directly onto one another. For ¢ = 0° the
TE mode is an extraordinary wave and the TM mode is an ordinary wave while for § = 90°
the opposite pairing holds. When 6 = 0, however, the high-symmetry configuration is broken
and all the modes couple together. The new eigenmodes of the system are neither purely TE
nor TM and also not purely ordinary or extraordinary. The coupling effects the mode profiles,
dispersion curves, and effective refractive indices in a fundamental and significant way, as
will be demonstrated experimentally (presented immediately below) and theoretically (the full
analysis can be found in the appendix) in the remainder of this paper.

With the experimental system mentioned above, we measured the dispersion curves for
different propagation directions by rotating the cylindrical lens and CCD camera together,
which kept the THz wavefront aligned vertically in the images. In this manner the THz wave
propagation direction was varied from 0 to 90 degrees relative to the c-axis as shown in Fig.
1(c). The polarization of the 800 nm pump light was not rotated and thus was parallel to the c-
axis in all measurements. Because of the strong ra; electro-optic coefficient in LN, this
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ensured efficient pumping of THz waves with a large component polarized along the optic
axis [21-23]. Using the same data collection and analysis procedure as was used to generate
Fig. 2(b), the dispersion curves were measured for different angles 6, some examples of
which are shown in Fig. 3. Overlaid on the experimental data are the theoretical solutions for
a bound mode propagating in an anisotropic, dielectric slab waveguide with a thickness of 50
um, an extraordinary index of 5.11, and an ordinary index of 6.8. The full derivation is
presented in appendix A. For all modes and all angles, the data agree very well with
theoretical predictions.

frequency (THz)

frequency (THz)

0 50 100 150 O 50 100 150
wave vector (rad/mm) wave vector (rad/mm)

Fig. 3. (a) Dispersion curves for 6 = 20°. Blue dotted lines are calculated TE-like mode
dispersion curves and green dashed lines are TM-like modes. Experimentally we see three TE-
like modes and no TM-like modes. The white box in the lower right shows a blow-up of the
region around an avoided crossing between the two lowest symmetrical modes. (b) Dispersion
curves for § = 50°. In this case, TE-like modes still predominate and TM-like modes are too
weak to be observed. (c) Dispersion curves for § = 70°. We can see both TE- and TM-like
modes, and all of the first 7 modes are observed experimentally. (d) Dispersion curves for 6 =
90°, in which only the TM modes are excited. All the experimental data agree well with the
calculated curves.

In Fig. 3(a) where 6 = 20°, one set of modes is very TE-like, and one is strongly TM-like.
Because the TE-like modes have their primary polarization component along the c-axis, they
were pumped much more strongly than the TM-like modes, which were too weak to be
observed clearly. Blue dotted lines are calculated TE-like modes and green dashed lines are
TM-like modes. An interesting effect resulting from propagation in the anisotropic waveguide
when 6 = 0 or 90° is visible in the region containing the white lines, a magnified view of
which is shown in the lower right corner. Although the TM-like modes are not visible, we still
see an avoided crossing when two modes with the same symmetry (symmetric or
antisymmetric) cross. The avoided crossing, visible in experiment and predicted by theory,
results from coupling between TE- and TM-like modes in the anisotropic waveguide. Here
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the two lowest symmetric modes, the lowest TE-like mode and the second TM-like mode,
avoid each other.

Figure 3(b) shows dispersion curves for the case of § = 50°. The three TE-like modes
predominate, although their strength is reduced, and TM modes still cannot be observed. No
avoided crossings occur between modes of the same symmetry within the bandwidth of the
experiment. As @ increases, the velocity of the extraordinary wave approaches that of the
ordinary wave [30], which means that the slopes of TE-like and TM-like modes tend to be
more similar at higher frequencies. Figure 3(c) shows the results for § = 70°, where both TM-
like and TE-like modes can be seen clearly. The strength of the TE-like modes continues to
decrease with increased ¢ and TM-like modes are finally pumped strongly enough to detect.
Although some of the modes are weak, the first seven modes can be observed in the
experiment, all of which agree with theoretical predictions. Continuing the trend, at high
frequencies the slopes of the TM-like and TE-like modes become even more similar. Finally,
Fig. 3(d) shows results for & = 90°, where only TM modes can be observed.

Using the derivation in appendix A, we can calculate the E-field profile of THz waves as
shown in Fig. 4. Figures 4(a) and (b) show field profiles for TE and TM modes respectively at
6 = 0°. The coordinate system in Fig. 4 is the same as in the appendix (see Fig. 8), where the
axes are defined by the propagation direction of the wave and not by the lab frame as in Fig.
1. Blue, green and red lines represent electric field along x-axis, y-axis and z-axis
respectively. The electric field along the y-axis, whose polarization is perpendicular to the
surface of the slab, changes drastically at the slab surface ( = 25 um). As mentioned above,
pure TE and TM modes only exist at 0 and 90 degrees. At any other angle the eigenmodes are
superpositions of TE and TM modes and contain all three polarization components, as shown
in Fig. 4 (c) and (d) where 6 = 50°.

£ (c)
-
5 05
i I Y| = e Pt T [ e (05, (), S
2L
o -05} 0 =50° 0 =50°
TE-like TM-like
-1
-100 -50 0 50 100 -100 -50 O 50 100
y-position (um) y-position (um)

Fig. 4. Electric field profiles for the lowest symmetric and antisymmetric modes at 0.5 THz.
Ex Ey and E, are represented by blue, green and red lines respectively. The discontinuities in E,
located at & 25 pm occur because of the slab surfaces. (a)-(b) TE and TM profiles when 6 is 0°.
(c) and (d) The electric field profile when 6 is 50°.

One can extract the group and phase effective refractive index (ERI) from dispersion
curves like those shown in Fig. 3. The phase ERI can be retrieved directly from the dispersion

curve, n, =c/v, =ck/(2zf), and the group ERI can be retrieved from the slope of the
dispersion curve, n, =c/v, =cAk/(2zAf) . Here v, and vy are the phase and group
velocities, and the wave vector, k, and frequency, f, correspond to the axes in Fig. 3. From the
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derivation in the appendix, we can calculate both phase and group ERI for all propagation
directions of TE-like and TM-like modes in the LN slab waveguide. Based on the agreement
between experimental data and theoretical predictions shown in Fig. 3, Fig. 5 gives the
theoretically calculated phase and group ERI for different angles, modes and frequencies. The
ERI values are important for phase-matching in THz generation and for many nonlinear as
well as linear optical processes.
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Fig. 5. (a) The frequency- and mode- dependent phase ERI for TE-like (dotted blue) and TM-
like (dashed green) modes when 6 = 0°. (b) The phase ERI when 6 = 70°. (c) and (d) are the
same as (a) and (b), but for the group ERI.

In Fig. 5 dotted blue lines are the calculated ERI for TE-like modes and dashed green
lines are the ERI for TM-like modes. From Fig. 5(a) and (b), we can see that the phase ERI
for both TE-like and TM-like modes transitions from 1 (the index of air) to the bulk effective
index. For the TM-like waves the bulk index is always the ordinary index of refraction, n, ~
6.8, while for the TE-like waves the bulk index is that for the extraordinary wave in the
anisotropic material, and changes from ~5.1 at 0° to ~6.8 at 90°. At all angles, the low-
frequency TM-like modes have most of their energy in the evanescent field in the air and
have ERI values near unity. The ERI then transitions rapidly to bulk-like values at higher
frequencies. Much like the phase ERI, the group ERI transitions from 1 to the bulk effective
index (see Fig. 5 (c) and (d)). In contrast to the phase ERI, however, the group ERI rises well
above the bulk values before approaching them asymptotically at high frequencies. In contrast
to the phase index, where higher modes always have lower ERIs, the group ERI is usually
higher for higher modes. Another difference is that the peak group index changes drastically
with 6 for both TE-like and TM-like modes, while the peak phase ERI for the TM-like modes
is just the bulk value and insensitive to angle.

A useful way to display the ERI is with an index ellipse, which highlights the angle-
dependant behavior. Figure 6 follows the phase ERI for the first three TE-like modes at wave
vector magnitude £ = 50 rad/mm as a function of angle, tracing out the phase ERI ellipse. We
measured data in the first quadrant, and because of the symmetry these results can also be
used for 90° to 360°. Values over 70° were not recorded because the TE-like modes were too
weak to be observed. Figure 6 shows the measured values for the first three TE-like modes as
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open symbols and the calculated values predicted by the derivation in the appendix as solid
lines. The experimental data can be fit to an ellipse, where the long and short axes are 5.44
and 4.18 for the first mode, 3.36 and 2.59 for the second mode and 2.01 and 1.74 for the third
mode. The value of the long axis represents the ERI for an ordinary wave (the TE mode is
purely ordinary at 90°) and the short axis represents the ERI for an extraordinary wave (the
TE mode is purely extraordinary at 0°).

—a—TE-0
—o—TE-1

—v— TE-2

270

phase-ERI
o

180

Fig. 6. Effective refractive index (phase ERI) ellipse for three TE modes at a wave vector f =
50 rad/mm in a 50 um LN slab waveguide. The open symbols are experimental data and the
solid lines are calculated results. The scale along the x-axis is the same as that along y.

Because the 800 nm light was always polarized along the c-axis, we only pumped through
the ra; electro-optic coefficient, which generated THz polarized along the optic axis [5]. The
THz generated by the pump can be represented by a linear combination of waveguide modes,
and the magnitude of the contribution from a given mode is related to the projection of its
polarization along the c-axis. Thus, for a given mode and frequency, one can make a rough
estimate of the relative pumping efficiency 7(8) by looking at the fraction of the mode

energy corresponding to a field inside the crystal oriented along the optic axis:

_[j/[Ef(Y)sin29+ EZ(y)cos® 6 |dy o
[ [E2()+EZ(y)+E2(y) Jay

Through the integration limits, the expression also takes into account the degree to which the
mode is localized within the slab, which improves the efficiency since generation only occurs
in the crystal, or is extended into the (air) cladding where no generation occurs.

Figure 7 shows # as a function of 8. When 6 = 0°, the TE mode is polarized purely along
the optic axis and is pumped most efficiently. As 8 increases, the component of the TE wave
along the optic axis slowly decreases. In contrast, the component of the TM wave along the
optic axis increases, especially after 60°, and at 90°only the TM mode is pumped. At 70°,
both modes are pumped with similar efficiencies. The qualitative trends in # explain the mode
amplitudes observed in Fig. 3. For 4 less than about 60°, TM-like modes are too weak to be
observed, while for & more than about 85°, the TE-like modes are not visible. As predicted,
both kinds of modes are visible at 70° as shown in Fig. 3(c). Using different pump
polarizations and reflective elements integrated into the waveguides, it will be possible to
generate modes not observed in this study.

n(0) =
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Fig. 7. The fraction of total mode energy corresponding to a field inside the crystal polarized
along the optic axis, 7, which gives a rough prediction for pumping efficiency. The dotted blue
line corresponds to the first symmetric, TE-like mode at 1 THz and the dashed green dashed
line corresponds to the first antisymmetric, TM-like mode at the same frequency. As the angle
increases, the TE-like mode becomes weaker while the TM-like mode grows in.

4, Conclusions

We have measured the propagation properties of THz waves in a 50 um LiNbO3 anisotropic
slab waveguide using a self-compensating polarization gating imaging system. This system
can detect the THz electric fields both temporally and spatially over a wide wavelength range.
Using the system, we studied the propagation-direction-dependent behavior of waveguide
modes and determined the dispersion curves and effective refractive index for THz waves. A
general solution for waveguide modes in a uniaxial slab waveguide was derived and found to
agree with the experimental data.

Dispersion is integral to many processes in THz science and generally in linear and
nonlinear optics, including broadening of ultrashort pulses, walk-off between pump and probe
pulses, phase-matching of parametric processes, and generation of optical solitons. Because
dispersion in a waveguide is determined by both the intrinsic material dispersion and
geometric dispersion, it is essential to understand waveguiding effects. The results presented
here will facilitate the design of functional devices with new capabilities in the LiNbO;
platform for integrated THz experiments and processing.

Appendix A: The general solution to a uniaxial slab waveguide with isotropic cladding

Anisotropic slab waveguides were extensively studied in the 1970’s [24-30]. In many cases,
attention was focused on anisotropic films deposited on a substrate that was itself anisotropic
because mode converters, polarization mode filters, and other devices of that time had such a
geometry [26]. The case in this paper is somewhat simpler because the geometry is symmetric
(see Fig. 8). An additional simplification is that the anisotropic core (the slab) is embedded
within an isotropic cladding (air in our experiment). In the derivation of the waveguide
dispersion curves and mode profiles presented below, we assume the experimentally relevant
conditions that the crystal is uniaxial (like LiNbQO3) and its optic axis is parallel to the slab
surface. The slab is assumed to extend infinitely along x and z and both core and cladding
have no magnetic response. The wave is assumed to propagate along the x-direction and
extend infinitely along the z-direction. In the experiment the cylindrical lens generating the
wave was rotated instead of the sample, so the derivation here is performed in the coordinate
frame of the lens. Finally, to simplify the analysis we assume that the waves are harmonic in

space and along the propagation direction: E(X,Y,z,t) = E(y)exp[i(8x —at)], where =Kk,
is the propagation constant.
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Fig. 8. The geometry for the waveguide mode derivation. (a) An anisotropic slab of width 2(
centered at y = 0 embedded in an isotropic cladding which extends to infinity. The bound wave
propagates along x and extends infinitely along z. ¢ and x are the permittivity and permeability
in the different regions. (b) The coordinate system for the derivation is defined by the slab
surface normal and the propagation direction, which differs from Fig. 1 where the coordinates
are defined in the lab frame. 0 is the angle between the z-axis and the optic axis of the crystal.

The derivation presented below will loosely follow the analysis of Marcuse and Kaminow
[30] where the more complicated symmetric geometry of an anisotropic slab with anisotropic
cladding is studied. For the sake of brevity our analysis will skip some intermediate steps,
many of which can be found in [30]. The first step in the derivation is to determine the
characteristics of waves in bulk material, i.e. the dispersion curves and polarizations, in both
core and cladding. Linear combinations of these bulk waves, constrained by system
symmetry, are used to build the waveguide modes and lay out the general functional form of
the solution. The boundary conditions at the waveguide surface generate a homogeneous
system of equations which can be used to solve for the coefficients in the linear combination.
Solutions exist for this system of equations, i.e. the determinant of the corresponding matrix
is zero, only for certain pairs of frequency and propagation constant. These allowed solutions
correspond to the waveguide dispersion curves.

To simplify notation we define several important variables. The propagation constant,

B =k, , was defined above, and the wave vector orthogonal to the slab surface is defined both
outside the crystal, i = k;’“t , and for the ordinary and extraordinary waves inside the crystal,

K.k, =Ky Kkt . o is defined as imaginary because bound modes will have evanescent,

decaying fields in the cladding. There are three relevant bulk dispersion curves which define
the relationships between wave vector, frequency, and index, one for the cladding and one
each for the ordinary and extraordinary waves in the uniaxial core. They are:

cladding: o’ = g* —k*n? (2a)
ordinary: &’ =k*n? — (2b)

. n? .
extraordinary: 2 =k’n? — g* (cos2 6’+n—925,|n2 Hj (2¢)

where k =w/c is the wave vector in free space and n_,n,,andn, are the cladding index,
ordinary index in the slab, and extraordinary index in the slab respectively. These relations
are used to eliminate «,x,,andx, from the equations which follow, so everything is
expressed in terms of g and k.

For a specific pair of § and k, there are four possible plane waves in each region, two signs

for k, and two polarizations. In the anisotropic medium, the polarizations correspond to the
ordinary (later represented by 0) and extraordinary (later represented by &) waves. In the
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cladding, any pair of orthogonal polarizations can be chosen, so for convenience we choose
the TE polarization (represented below by v for vertical polarization) and the TM

polarization (represented later by h for horizontal polarization). We can write out the most
general form of the waveguide mode solution as:

cladding: E(y) = AV exp[ay]l+ Ah~ explay]l+ Av' exp[-ay]+ Ah* exp[-ay] (3a)
core: E(y) = Be" explix,y]+B,0" exp[ix,y]+ B,6” exp[-ix,y]+B,0” exp[-ix,y] (3b)
cladding,: E(y)=CyV™ exp[ay]+C,h~ exp[ay]+C,v* exp[-ay]+C,h* exp[-ay] (3c)

where A;, B;, and C; are scalar constants and the +/— superscripts correspond to the sign of k, .

The polarizations in the expression above can be determined from the appropriate vector
constraints. In the cladding:

0 +ih ] [ia
Vi=v=|0|, k*xVoech®=|-h |x|-p (4)
1 0 0

where h, and h, are the magnitudes of the components of the normalized polarization

vector. In contrast to the isotropic cladding, where any orthogonal polarizations could be
chosen, in the slab the polarizations are uniquely determined as the ordinary and
extraordinary wave polarizations in bulk material. The ordinary wave will be orthogonal to
the plane containing the crystal axis and the wave vector: 6 « k x¢ . The extraordinary wave
will be located in the plane of k and ¢ . The displacement field will be given

by Dckx(kxc) , and the electric field is given through the constitutive relation:

=-1=

E=E(—t9)6 R(G)D where R is the rotation matrix for rotation around the y-axis. This
yields:
to, +x, C0s O
0" =| -0, || —fcosd (5a)
F0, Fx,sinéd
_ 2 .
{i—i}(ﬁz +z<(f)cos2 @sin @+’ sin G{COS g8 9}
e go ge 80 Ee
* . sing
il F ORS00 (sb)
€, &
- )
{i_i}(j sin’ 6'c056'+(,82 +K‘§)COS€|:Sm g, L0586 9}
L & & &, & ]

where o,,0,,0,,¢,,e,,ande, are the magnitudes of the components of the normalized

polarization vectors.

With the dispersion curves (Eq. 2) and polarizations (Egs. 4 & 5) of waves in the bulk
material in hand, we can simplify the expressions in Eq. 3 for E(y) . For bound solutions, we
require that the electric field decays to zero as y — +oo0, so the terms in the cladding that are

exponentially growing can be discarded. We now apply the symmetry condition that there is a
reflection plane down the center of the sample, which eliminates half of the coefficients. In
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this situation, the solution must be made of symmetric and antisymmetric modes. Absorbing
some constant factors into the coefficients, we have:

Symmetric:
hA, |
cladding, y <—¢: E(y) =|-ih A, |exp[a(y +0)] (6a)
A
e, Cos(x,Y) [0, cos(x, y)
core: E(y) =B, | —ie, sin(x,y) |+B,| io, sin(x,Y) (6b)
e, cos(x,Y) | 0, cos(x,Y)
h,A,
cladding, y > ¢: E(y) =| ih A, [exp[-a(y - ()] (6c)
A
Antisymmetric:
h.A,
cladding, y <—(: E(y) =| —ih,A, |exp[a(y + )] (72)
A
e, sin(x, y) 0, sin(x, y)
core: E(y) =B, | ie, cos(x,Y) |+B,| io, cos(x, Y) (7b)
e, sin(x,y) 0, sin(x, Y)
_thZ
cladding, y > ¢: E(y) =| -ih A, |exp[-a(y - ()] (7¢)
A

Applying the symmetry conditions eliminated half the unknowns, so now we need only
apply boundary conditions at one interface to solve for the coefficients. The boundary
condition is that the tangential E and H fields must be continuous across the boundary [20].
Using Faraday’s law and the fact that 6/0z=0, o/ox=if, and O/ot=—iw for our

functional form, E(x,y,z,t)=E(y)exp[i(fx—at)] , we can express all the boundary
conditions in terms of the electric field components:

Ez,clad = Ez,core (8&)
oE oE
z,clad — z,core (8b)
oy oy
Ex,clad = Ex,core (SC)
H aEx cla - aEx,core
IﬁEy,clad - a; < = IﬁEy,core _T (8d)

The constant coefficients in functional form of the solutions (Eqgs. 6 & 7) must be chosen
so the above boundary conditions are satisfied at the interface (y = ¢). They must be solved
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independently for the symmetric and antisymmetric modes. The four expressions above yield
a set of homogeneous equations which can be recast in matrix notation.

Symmetric:
-1 0 e, cos(x,0) 0, cos(x, () A 0
-a 0 e,x, sin(x, () 0,x, sin(x, () A, 0 9
0 h, —e, cos(, () 0, cos(x, () B,| [0 ®)
0 hp-ha (epB+ex,)sin(x.l) —(0,B+0,x,)sin(x,0) || B, 0
Antisymmetric:
1 0 e, sin(x, () —0, sin(x, () A 0
a 0 —e,K, CoS(x,() 0,x, cos(x, () A 0 10
0 h, e, sin(x, () 0, sin(x, () B,| |0 (10)

0 hpB-ha (eB+ex,)cos(x,l) (0,8+0,x,)cos(x,() || B, 0

The polarizations (Egs. 4 & 5) and bulk dispersion curves (Eq. 2) can be used to remove
all dependence on «,x,,and «,, so for a given angle 6, the only variables are § and k. The
determinant will be zero, i.e. the set of equations has a solution, only for  and k pairs that are
on the waveguide dispersion curve, and finding all allowed pairs traces out these curves.
Using the allowed pairs, the bulk dispersion curves, and one additional “normalization
condition” such as B, +B, =1, all wave vectors and coefficients can be completely
determined. The theoretical dispersion curves for several angles are plotted along with the

experimental data in Fig. 3, selected electric field profiles are shown in Fig. 4, and the
effective indices of refraction for two angles are shown in Fig. 5.
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