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Size-Quantum Effect of the Energy of a Charge Carrier
in a Semiconductor Crystallite
BY

J. S. PANand H. B. PAN^)
The size-quantum effect of the energy of a charged carrier in a spherical semiconductor crystallite
embedded in another spherical dielectric layer is discussed and the interaction of the charged
carrier with surface optical (SO) and longitudinal optical (LO) vibrations is taken into account.
In the first-order approximation of the energy the charged carrier does not interact with SO
vibrations, and it interacts only with LO vibration of the dielectric in which the charged carrier
is located. The interaction energy between the charged carrier and LO vibrations will increase
with decreasing the size of crystallite.

O6cynana pa3MepHO-KBaHTOBaHHOe3@@eKT3HerPHA 3apameHHblX ’KiCTHIl B C@epH1leCKkIX
IlOJIynpOBOnHkIKOBblX MAKPO-KpHCTaJlJlHTaX, HaXOnRIUHeCX B ApyrOM C@epAqeCKOMLlH3JleHTpH~IeCKOM CJlOe. B O ~ C Y W K H ~ H HTaKXCe
W
paCCMOTpAJlH B3akIMOLleaCTBHe MeXCLly
a a p f i m e ~ ~ osacmuqefi
#
H SO M LO ~ o n e 6 a ~ m m
B. nepBoG ~ ~ A ~ ~ H X C3~ ~H eH pMr ~ ~ ,
3apXHWHHafX WiCTHUa He B3al~MOnefiCTByeTC So HOJIe6aHHMM, HO TOJIbKO B3afiMOAeBCTBYeT C TeMH Lo KOJIebaHRMH B nA3JIeKTpHKe, me OHa 6bma. B3anMOAefiCTBHe 3HeprHIl
MemnY 3apRXeHHblMH WCTHIJaMA M L o KOJIe6aHXMI.l B03paCTaeT C J’MeHbWeHHeM pa3Mepa KpFiCTaJInHTOB.

1. Introdnction
Recently, the size-quantum effect has been observed in commercial optical glass
filters and other microcrystallites [1 to 31. It was also reported that small CdS, ZnO,
and other crystallites are synthesized via colloidal chemical techniques, and when the
diameter of crystallite i s lower than 5 x 10-sm, the absorption edge is shifted t o
higher energy (blueshift) [4,51. At the same time, some theoretical works were presented in which the charge carrier in the crystallite is amumed to move in a spherical
potential well, and the effective mass approximation is used [6, 71. However, the considerations of different authors on the influence of the dielectric polarization are different. Thus, this problem is worth to be taken into consideration further.
I n this paper, we will extend the theory of the electron-phonon interaction in dielectric bilayers [8] to a spherical crystallite embedded in another dielectric, and find
out the interaction energy of the charge carrier with SO and LO vibrations. I n calculating the energy of the charge carrier in the crystallite, the method developed by Pekar
[9] for discussing the behaviour of a charged particle in alkaline halides is used. It is
found that 1. the energy of the charge carrier in a crystalhe rapidly increases with the
decrease of the size of the crystallite, 2. in the first-order approximation of the energy
the charge carrier in the crystallite does not interact with SO vibrations, 3. the interChangchun, Jilin, People’s Republic of China.
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action energy of the charge carrier with LO vibrations is inversely proportional to the
radius of the crystallite, R.It can be expected from this that the ionization and affinity
potentials of the charged particle in the colloidal crystallite should show a size quantum effect, too. This property is important for the surface chemical and catalytic
reactions.
2. Elementary Model and Theory

If spherical or other-shaped microcrystallites are randomly distributed in another
medium, and their concentration is very low, such a system can be regarded as a single
crystallite embedded in a large piece of a medium. For example, the optical glass containing Cd(S, Se) crystallites and the colloidal crystallites in liquid solution can be
regarded as such a system. For simplifying the theoretical treatments, a spherical crystallite and only one mobile charge carrier (electron or hole) in it are assumed. I n what
follows we shall use the subscript n = 1for the spherical crystallite, n = 2 for medium
surrounding it. For a spherical crystallite with radius R embedded in another medium,
the polarization strengths associated with SO and LO vibrations are [8], respectively,

and

where j L ( k L ris
) the spherical Bessel function, fz(kzr)a linear combination of spherical
Bessel and Neumann functions,

+

h(kzr) = Aj~(kLr) Bndhr) .

(2.2)

For the SO vibration, the dispersion relation and the connection between .2
;(;
C;;, 2 are obtained from the boundary conditions t o be
E1(WS0)

= -(I

+ 1)

EZ(Wso) ;

1 = 1, 2, ... ,

C80~ ~ , ~ = - ~ ) C ; ; z, =~i ,; 2 ,... ,

and
(2.3a)
(2.3b)

where E, and 2, are the dielectric function and the susceptibility of the dielectric
layer n, respectively.
For the LO vibration, we have from the boundary conditions
s = 1, 2, ... ,
(2.4a)
jL(k18R)= 0 ;
s = 1, 2, ... ,
(2.4b)
fi(k1,R) = 0 ;
where kl, is the s-th root of the above equation, so s is the ordinal of the roots.
The kinetic and potential energies associated with SO and LO vibrations are
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where the symbol "i" denotes the corresponding quantities belonging t o the SO or LO
vibration. w,, (the ion plasma frequency of the material n) and On are, respectively
(2.6)
Here we have used the following abbreviations:

I n all the above expressions, 01, is the electronic polarizability of the material n, n, the
number of the positive and negative ions or Wigner-Seitz cells per unit volume, p,,
their reduced mass, won the characteristic frequency of the ionic vibration.
Thus, the Hamiltonian of the system consisting of a mobile charge carrier (electron
or hole) and the polarization modes associated with SO and LO vibrations, can be
written as

n

where the subscript e or h refers the electron or hole, Ve, h is the potential differenceof
the electron or hole at the interface of both dielectrics, the third term is the interaction
energy of the electron or hole with SO and LO polarization modes in which D ( r - re,I,)
is the electric displacement vector a t r caused by the electron or hole a t re,h.
Because the motion of the ions is described by classical mechanics, only when the
kinetic energy of the ions vanishes and their potential energy has a minimum, the total
energy of the system can have a minimum. As pointed out by Pekar [S], corresponding
t o a definite polarization strength p , the potential of the ions is given by

n

where
(2.9)

and y(re,h)is the wave function of the mobile charge carrier. If we substitute such
a wave function y(re,h)
into (2.8) that F ( y , r ) is optimum, this y ( ~ , is
, ~the) stationary
state of the charge carrier which adiabatically corresponds t o the configuration of
ions p . However, the ions are, in general, not in a n equilibrium state. I n order t o minimize the potential energy of the ions, i t is necessary to minimize F ( y ,p ) with respect
t o p . However, in the situation under consideration, only the C;:,,, and Ci&n are adjustable quantities. Thus, the optimization of F ( y , p ) with respect to p should be
changed to that with respect to C;i,nand C:,,. Consequently these coefficients can be
determined. They are
(2.10)
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(2.11)

A: = .f

n

(y(re,h)l

D(T - r e , h )

Iy(re,h))

p k , n ( r )d r

3

B ~=
P J IpL,n(r)IZd r .
n

Prom the results obtained above the energy of the charge carrier can be determined
which is given by

Substituting C;;, and C;,, into the above expression gives

(2.12)

where the second and the last terms are the interaction energy of the charge carrier
with SO and LO vibrations, respectively. Now, we turn to discuss two such terms still
further.
2.1 The interaction energy of the charge carrier zaith S O vibrations

According to (2.12), the calculation of the interaction energy of the charge carrier
with SO vibrations is to evaluate (A?
A?) and ( B y BF).For (A?
Aio), we
have from (2.11)

+

+

+
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8P

where Nl is the unit normal vector on the interface. Because of Vp:&,E = 0, the above
expression is simplified t o

S

where pl(u) is the Legendre polynomial, u the cosine of the angle between R and

Thus, (A?

+ A?)

is immediately changed to

+ Ar= e

-

( v ( r e , h)l

-22z

+

[z

Xl

EO

AS for (BY

1'

+ (I + 1)

+ Bijo),the calculation is easy. The result is

2

Ri++l

y?(;k,h )

\v(re,h))

re,h:

.

(2.13)

(2.14)
Here it is considered that theSO vibration has the same frequency. Inserting the above
results (2.13) and (2.14) into the second term of (2.12),then the interaction energy of
the charge carrier with SO vibrations (denoted by E:;) is finally expressed as

pg

=

-

(3

{ (v(re,h)l [ I + ( I

2(z

+ 1)

(x2/x1)1

R-(l'l)r~,hy~(Fe,li)

Iy(r)e,h)

+ 1) O ~ ~ ~ R [ Z ~ ( ~+, / O(z ;+~ )i)2(x2/xd2( e 2 / ~ 2 i
(2.15)
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2.2 The interaction energg of the charge carrier with LO vibration

The last term of (2.12) is the interaction energy of the charge carrier with LO vibrations. Assume the charge carrier t o be in the inner spherical dielectric 1,and its wave
Then, from (2.11) A:O can be writt.en as
function to be represented by

1

R

R

-

1

R R
(d,h/R1-l)

pZ(i

*

Ce,h)

[L

I

f i ( k l ’ r ) ] R y p ’ ( i )dD

Ill)l(reh)>

.

R

In the above expression the second term comes from the interaction of the eharge
carrier in the dielectric 1 with LO vibrations in dielectric 2. This term vanishes from
the boundary condition f,(k,R) = 0. Thus, only the first term coming from the interaction of the charge carrier withLO vibrations in dielectric 1 is left. After some simple
calculations, it gives
(2.16)
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where the subscript "s" is the ordinal of the roots iit8 which is obtained from the boundary condition j l ( 4 R) = 0.
As for BP, the calculation is straightforward, The result is
R

J j;(klsr) r2 d r = (44)~ Z , R ~ [ J J + ~, / (2.17)
Z(~~,~)]~

BP = J Ip&,l(r)12d r =
1

0

where J 1 + 3 / is
2 the Bessel function of the second kind. Thus, the interaction energy
of the charge carrier in dielectric 1 withLO vibrations is finally written as (denoted
by E2,d

Analogously, one can also prove that the charged particle in dielectric 2 interacts only
with LO vibrations in dielectric 2. The interaction energy is

Here we would like to point out from the above results (2.18) and (2.19) that the charge
carrier in the inner dielectric spheroid only interacts with LO vibrations of this inner
spheroid, i t does not interact with LO vibrations of outer dielectric spherical layers,
and vice verse. This fact is important. Because the potential difference between both
dielectrics is not infinite, the carriers have a definite probability to enter from one dielectric into the other by the tunnel effect. I n this case, the interaction of the carrier
with LO vibrations in various layers can be separately taken into consideration. This
is why the wave functions in (2.78) and (2.19) are expressed in terms of y1 and y2,
respectively.
Finally, inserting these results (2.15), (2.18), and (2.19) into (2.12) gives the total
energy of the charge carrier to be

--c
e2

{ ( y ( r e , h ) [ [I

E o tnr

(21

- e2- c c 7
s

{ (Yi(re,h)l

e2
{
--cc,
zrn
e2w10,2

jl(klsre,h)

(44)

8,ml0,,
&2

(22/21)1 R - ( ' + l ) r f , h y F ( j . e , h )

+ 1)doR[Z2(81/m~1)+ ( l + 1)'

WE1

EO lm

+ (1 + 1)

('?#z)Te,h)t

Y?(;e,h)

( ~ 2 1 x 1 ()~~z / W & ) I
/y'1(Fe,h))

_
l2 -

k;a[JZ+3/2(~18~)1~

fZ(klsre,h) y r ( ; e , h )

I lf@z8r)l2r Zd r
R

E~

~~(rell))

Ipz(re,h))

l2

.

(2.20)

The above expression is derived for dielectric 1 t o be embedded in another polar crystal.
If the dielectric 2 is another non-polar material, how will the above result be chan ed ?
I n this case, the field e n e r g y . ( ~ ~ ~
J ~Ei~dz
/ 2 should
)
be used instead of (820$2/&,,wp~)
B X
2

x I 1pPl2 dz. Since there is a relation between the electric field and the polarization
(2.21)
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Here E~ and xz are the real dielectric constant and susceptibility instead of the dielectric function of the previous case. Then, the energy of the charge carrier for the
case of the microcrystallite being embedded in a non-polar material may be immediately written down. It is

I n this expression such as the last term of (2.20) disappears. This is because in a nonpolar material there is only one kind of polarization mode characterized by (2.1b).
The interaction of the carrier with this polarization mode has been contained in the
second term of the above expression.

3. Calculations and Conclusions
I n what follows, we turn to calculate theenergy of the charge carrier by making use of
(2.20) or (2.22) for the infinitely and finitely deep potential well, respectively. Assume
the charge carrier to be a n electron.
3.1 The case of the infinitely deep potential well

By the infinitely deep potential well it is meant

Ve=O;
r<R,
Ve=m;
r>R.
I n this case the electron is completely localized in the inner dielectric spheroid. Then,
the last term of (2.20) disappears. When the interaction of the electron with SO and LO
vibrations is not taken into consideration, a s one knows, the ground state wave function y ( r )can be exactly obtained from the Schrodinger equation

which gives

where A is the normalization coefficient. If the interaction of the electron with SO
and LO vibrations is taken into consideration, according t o Pekar's idea, the wave
function of the electron should be determined from the optimal condition of the function F ( y ,p ) with respect to some chosen trial function containing one or more variational parameters. However, for the present problem, because the microcrystallite is
very small, the term of the kinetic energy will play the principal role for the wave
function in compairson with the interaction energy. Thus, the interaction term can
be regarded as a perturbation, and (3.1) as the zero-order approximate wave function.
It is expected that the energy obtained by such a perturbation method is, a t least, not
worse than by the variational one. Because this approximate wave function chosen by
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the above consideration does not contain a factor such as the spherical harmonics Y y ,
1 and m in the energy expression (2.20) must be zero. Then, inserting the zero-order
approximate function (3.1) into (2.20),gives ES,: = 0 and

(3.2)

It means that the electron does not interact with SO vibrations for the first-order
approximate energy. Because of
(oEn/&)= mi,n[(l/&rnn) -

(1/&Sn)I

.

(3.3)

where coonand egn are the high-frequency and static dielectric constant of the layer n,
respectively, after some calculations the above expression becomes

as the length unit, i.e. put
Using E, = (h2/2m*a3 as energy unit, a, = (4n&,h2/m;e2)
Ee = (Ee//Eo),x = ( R / a , ) ,the above result gives

The curves 1in Fig. 1and 2 are, respectively, the calculated results by using the above
expression for CdS and CuCl microcrystallites under the assumption of an infinitely
deep potential well, curve 1’ in Fig. 1 is that without containing the interaction of the
electron with LO vibrations. One can see from both the curves 1 and 1’that the interaction energies are about a tenth of the total energy a t various x values.

-.-..
I

7

9

17

Fig. 1. The ground state energy of an electron in CdS (my = 0.19m0) crystallites as a function of
the crystallite radius 2 (= R/u,). Curves (1)to (4) : the interaction energy between the electron and
LO vibrations is taken into account (except curve 1’). (1) and (1’): for the infinitely deep potential
well; (2) finitely deep potential well, embedded in the air, V , = 4.4 eV; (3)finitely deep potential well, embedded in NaCI, V , = 3.9 eV; (4) the same as curve 2, but V,, = 3.0 eV. E, =
= ( t r / m ~ a=
~ 2.582
)
eV, a, = (4m,,fi/m*e2)= 2.789 X 10-lOm
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Fig. 2. The ground state energy of an electron in CuCl crystallites (m? = 0.5m0) as a function of
the crystallite radius. (1)to (3): the interaction energy between the electron and LO vibrations is
taken into account (except curve 1'). (1) and (1'): for infinitely deep potential well; (2) finitely
deep potential well, embedded in the air, V , = 3.0 eV; (3)finitely deep potential well, embedded
in NaCI, V, = 2.5 eV. E, = 6.794 eV, a, = 1.06 X 10-lOm
3.2 The case of the finitely deep potential well

By the finitely deep potential well it is meant
ve = 0 ;

V e = V,;

r<R,
r> R .

V , is the potential difference between the inner dielectric spheroid and the outer dielectric spherical layer. I n this case, the electron in the inner spheroid has a definite
probability to enter into the outer dielectric layer. If the interaction of the electron
with SO and LO vibrations is not taken into account, the wave functions of the electron are, respectively,
1
y,(r) = A , r<R,
(3.5a)
r sin ( k r );
1
y J r ) = A2-exp
r

r> R

(-P);

(3.5b)

where

k2 = (2m?,l/h2)
8,

q2 = (2mE2/h2)V,(l

- E/V,) ,

A, and A, are the normalization coefficients which are given by
sin 2kR
2nR-3~-

k

[

A, = exp (qR)sinkR 2nR

sin 2kR
- n ___
k

The wave functions should also satisfy, at the boundary r = R,

(3.6a)
(3.6b)
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The latter is equivalent to the continuity condition for the first-order derivative of the
wave functions a t the boundary. From these two equations we have

Introducing E such as to make
xoE = kR ,
xo = (2mE2Vo)l12 h-1R
(3.8) is immediately rewrittell as

,
(3.9)

where d = (m&/mE2). It is evident from this equation that there have a series of t,,
satisfying this equation. Conmquently a series of energies En can be determined from En.
If 5 corresponding to the lowest energy state is expressed as to,t,he energy of the lowest
state is
(3.10)
Analogous to the case of Section 3.1, after taking into consideration the interaction
of the electron with SO and LO vibrations, the functions (3.5a) and (3.5b) can be taken
as the zero-order approximations for calculating the energy. Inserting these functions
into the energy expression (2.21), one can see that 1 and m have to be taken zero because the wave functions do not contain a factor such as the spherical harmonics y?.
Consequently (2.21) is simplified t o

EB

e2

XiEi

=

{
io(kosr) IYl)
c f3,wi,, (n/4)
k&2J:p(kosR)
w;1

)2

(y11

-

~

2mF,lR2

--zp

€0

2

e2

w2p

a

{ (yzl fo(k0sr)IYZ) l2

J

(3.11)

r2 dr '
in which the interaction term of the electron with SO vibrations disappears. The second
term in the above expression is similar to the corresponding term in the previous Section 3.1. Thus, the result can be easily obtained by repeating the calculation procedures
of the previous section. The last term is the interaction energy of the electron with LO
vibrations in the outer spherical dielectric layer. For calculating this term, we have to
assume that the inner and outer radii of the outer spherical layer are, respectively,
R, and R,.Then, from the boundary condition fo(kosR1)= fo(koaRz)= 0 we have
€0

8

e20Z,2

ka:

Ifo(Eosr)l2

j o ( k ~ s & )no(kosR2) = jo(X.08Rz)no(kosR1,)
which gives
(3.12)
s = 1, 2, ...
Eos(R2 - R1) =z SZ;
Making use of this condition, the calculation of the last term in (3.11)is straightforward. The final result, is
9

mi2

1

8Ai exp (-4qR)
skos

exp [-2q(r - Rl)] sin [kos(r - R,)]-dr
r
R.

(3.13)
1
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It seems that this result intensively depends on the values of ( R 2 / R J .However, it is
found by careful investigation that when the values of ( R 2 / R , )are taken 2 and 10,
the difference of the calculated results is within the required precision. Thus, i t can be
simply taken as 2.
According to the above discussions and calculations, the energy of the electron is
finally expressed as
(Xo~,)2
1 1
1 1
1
sin 2kR sin2 kR)-2
-_I-X
= --T(,sm1
22
~
~ s2~
) 2kR
n
~ !lR

-c-

1 1
1 1 6
1
-~(EmP---)Tri~2sin4kR

+---

(

(1--

sin 2kR

2kR

+-sin2qRk R ) - e X
(3.14)

This expression is derived for the microcrystallite embedded in another spherical
polar crystal. If the crystallite is embedded in a non-polar material, for example, in
air, the last term in the above expression should be given up. The curves 2 and 3 in
Fig. 1 and 2 are the results calculated from the above expression for CdS and CuCl
crystallites embedded in air and NaCl crystal, respectively. I n order to illustrate the
influence of V, on the energy of the electron, we have also calculated the energy for the
CdS crystallite embedded in air, but V, = 3.0 eV is assumed instead of V, = 4.4 eV,
the calculated results are illustrated by curve 4 in Fig. 1. It shows that the energy of
the electron will decrease with the value of V,. I n the calculations of the energy, the
values of s are taken from 1 t o 5. The various parameters used in the calculation are
given in Table 1.
T a bl e I
The values of parameters used in the calculation
dielectric 1

embedded in
medium 2

Em1

Esl

CdS/air

CdS/NaCl

CuCl/air

CuCI/NaCl

5.27
8.42

5.27
8.42

5.1

9.8

5.1
9.8

coo2
8.92

0.19

m3mJ

2.3
5.8

1

m3mo)

V,(eV)

1
4.4; 3.0

0.5

0.5

0.19

2.78
3.9

2.3
5.8

1

2.78

1

3.0

2.5

3.3 Some conclusions

For the crystallites embedded in another polar or non-polar material, the charge carrier in such a crystallite will rapidly increase with decreasing size of the crystallite. It
is verified that the charged particle interacts only with the LO vibrations of the dielectric in which the charged particle is located, and in first-order approximation in the
energy the charged particle does not interact with SO vibrations.
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All the calculations of the present paper are derived in the long-wave approximation
for t,he lattice vibrations. If the size of the crystallite is decreased to rather sinall values,
the long-wave approximation is no longer suitable, and the irregularities on the surface
of the crystallites are also serious. Thus, the present theoretical consideration is not
suitable to rather small crystallites. If we take the diameter of the crystallite larger
than a. = ( 4 n ~ ~ ~ h ~ as
/ mthe
* ecriterion
~)
for the long-wave approximation to be applicable, the value of z = (R/ao)for CdS and CuC1 crystallites is required, at least, to be
larger than 5.
Finally, we would like to point out that the present theoretical considerations are
also suitable for the calculation of the ionization and affinity potentials for a charged
particle in a crystallite. This problem is important for the chemical and catalytic surface reactions in which crystallites take part.
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