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By invoking the concept of displaced number state in quantum optics, the complete eigen-
states in one-dimensional mesoscopic rings with electron-phonon coupling are abtained and the
eignevalues followed. It is shown that the eigenvalues and persistent current depend on both

coupling strength and phonon number.

-

PACS: 03.65.Ca, 71.38. +i

Much attention has been paid to the mesoscopic rings pierced by a magnetic flux in re-
cent years since the famous prediction that a persistent current exists in such a system.!—6
The effects of electron-electron coupling, spin-orbit coupling and electron-phonon coupling on
persistent current have been studied by serveral authors. Interestingly, the Hamiltonian of one-
dimensional mesoscopic rings with electron-phonon coupling was solved exactly by Wang et al.”
and some eigenstates and the corresponding eigenvalues are obtained. The aim of this paper is
to find complete eigenstates in the system by invoking the concept of displaced number states
in quantum optics.

The so-called displaced number state is defined as®
la,n) = D(a)|n), . (1)

where D(a) = exp(ab™ — a*b) is the displacement operator, |n) is the Fock state, b and b
are annihilation and creation operators of boson type, respectively. For n = 0, the displaced
number state is reduced to the well-known coherent state. The displaced number state has
quite different properties comparing with the coherent state. For instance, the field obeys sub-
Poissonian statistics independent of n if {@|? < 1/2, while the coherent field statistics is always
of Poissonian type. '

Considering a one-dimensional mesoscopic ring with circumference Na threaded by a mag-

netic flux ¢. N is the number of lattice-sites and a is the distance between two neighbored
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lattice-sites. Within the tight-binding approximation, the Hamiltonian for the system includ-

ing the electron-phonon interaction is

H=H;+ Hy,,
N
Hy =) [eo = J(C},1Ci + C Cipa)] s (2)

=1

er biby+ > M,lexp(igla)b, + exp(—iqla)b}|C C,

q,l

where gg is the on-site energy of electron, J is the hopping integral, C; and Cl‘" are the annihi-
lation and creation operators of electron on site {, b, and b;]” are the annihilation and creation
operator of g-th phonon, respectively, M, is the coupling strength.

First, we consider the Hamiltonian H; which can be solved exactly when subjected to the

boundary condition Cj.n = Cjexp(i2nd/¢o).% Its n-th eigenfunction is

6n) = — Zc+exp[ (n+ 2], 3)

and the corresponding n-th eigenvalue is

E, =¢p—2Jcos [2 (n+¢i)] (4)

It is obvious that E, is the peroidic function of magnetic flux with the period ¢o = fic/e.
Next, we gear to find the eigenfunction and eigenvalue of the Hamiltonian Hj, and rewrite
it as

Hy, = Z hwgbiby + fobd + £1b,, (5)

q

where
fo=M, Zexp(—iqla)CfLCl ,
1
fi =M, Z exp(igla)C; C;. (6)
1

By using the displacement operator Dg(a) = exp(abj — a*by) and its properties, Hyq can

be written in the following desired form for our purpose:

= S d; (i oDy () - e ™

Inspecting the form of Eq. (7) and using the displaced number state, we construct the eigenstates
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6) = —= Zc+ep[ ™ (n+ ¢°)]|0®UD ming). ®

where of* = [M,/(hw,)] exp(—igma). It is not difficult to prove that it is the eigenstate of Hy,
by considering the fact

ch+|0) = M, exp(—igma)C}|0),
Dy (L )C10) = DyfapCii). ©)

The above relations can be obtained by using the anti-commutator [C}', Cp]+ = 6™ repeatly.

The eigenequation is
M2
Hill6,) (an 22)j1), (10)
hwq

Therefore, the eigenequation for the total Hamiltonian H = H; + H [PRE]

N M2
H|¢r) = [0 = I Y_(CFi1Ci+ G Cuya) + 3nat - sl)le =By ()

=1
Operating both sides of Eq. (11) with (¢l|, we obtain
M2
B =eo - 2J{¢, |Zc,+lc,+c+c,+1|¢ +anmq-zh_q. (12)
=1 q q

It is not difficult to obtain that

N N
(@130 CtaCls) = ewp [ =157 (n+ 2)] 3 [TonalDafag)Dot-aping) . (13
I=1 m=1 ¢ .
From the fact that
D(@)D() = D(a+ B)exp [5(af" - ")), (14)

Eq. (13) can be written as

{¢n |Z l+1Cl|¢ 1 N &P [—i%r(n-{- 3%)] exp [i Zsin(qa)(%‘i)z}

q
N
: Z H(nq|Dq(a;n+l —ag')ng) . (15)
q
. e b 71'
Using the property of ¢ distribution (_E <g< E)’ we have

exp [i Zsin(qa) (%:—)2] =1. (186)
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Because the term (ng|Dy(a**! — aJ)|ng) does not depend on m, from Egs. (15) and (16)

we obtain

(¢l iC{ilClldl) =exp [— i %(n—i— %” exp [— Z (%‘;)2(1 - cosqa)}
q

=1

ng![2[cos(ga) — 1][M, ng—k
H}; lge) i (o 2" an

From Egs. (12) and (17), the eigenvalue for the Hamiltonian H is

E), —50-—2Jcos[2 ( (Z))}exp[ ;(—%)2(1—cosqa)]

ng!{2[cos(ga) — 1][M, 2yng—k M?
HZ {2 k'qnq——k])[(nq/— k).)] } +anhwq_zﬂ' (18)

q k=0

For ny = 0, E), reduces to

E’—eo—2Jcos[27r(n+g—bg)]exp[ ;( ) l—cosqa] Zq:% (19)

it just the result obtained as in Ref. 7. ‘

In conclusion, the eigenvalue problem in one-dimensional me.soscopic rings with electron-
phonon coupling is solved completely. The results show that the eigenvalues depend on both
coupling strength M, and phonon number n,. According to the defination of persistent current

I, = —C,(0E! /9¢), it not only depends on coupling strength but also on the phonon number.
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