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We study spin squeezing properties in the real and imaginary spin coherent states. We obtain analytical expres-

sions of two spin squeezing parameters via a novel ladder operator formalism of the spin coherent state and the

generation function method. Numerical results of the spin squeezing properties are discussed in detail, and the
real and imaginary spin coherent state can be spin squeezed over a large range of parameters.

PACS: 03.65.Ud, 03.67. —a

There has been great interest in the study of super-
positions of coherent states in the quantized electro-
magnetic field'] and quantized motion of the centre
of mass of a trapped ion.[2! These states exhibit non-
classical properties such as oscillations of photon num-
ber distribution, antibunching effects and quadrature
squeezing. Two types of superposition states, super-
positions of the bosonic coherent states |a) and |—a/)!!]
or superpositions of |a) and |a*),13 have been consid-
ered.

Squeezing of light (boson squeezing) has been well
studied,[*~7 and squeezing in spin systems has re-
cently received much attention.®=33 Spin squeezed
states are quantum correlated states with reduced
fluctuations in one of the collective spin components,
with possible applications in atomic interferometers
and high precision atomic clocks. Interestingly, it was
found that spin squeezing is closely related to and im-
plies quantum entanglement,3°—33] a key ingredient in
quantum information theory. The close relation be-
tween spin squeezing and entanglement enhances the
importance of spin squeezing.

Now we replace the bosonic coherent state |a) by
the spin coherent state (SCS)[4 |n)(n = |n]e’) in the
superpositions of coherent states |a)+|a*), and obtain
the superpositions of two SCSs,

I+ = Nx(|n) £1[n")), (1)

where N4 is a normalization factor given by

Na = [24 ((n®) + ()] 2, (2)

with (n*|n) = (1 + 7*)% /(1 + |n|?)?. The states
|a) £+ |@*) are named the real and imaginary coher-
ent states,[] so we may call the above states |n)+
the real and imaginary spin coherent states. Agarwal
et al.,[?9] Gerry and Grobel®! and Recamier et al.3”]
have introduced and studied the generation schemes

and some properties of the superpositions of SCSs.
Here we study their spin squeezing properties.[8 In
addition, several real and imaginary quantum states
have been studied in the literature.[*38!

There are several definitions of  spin
squeezing, 892930 and which one is the best is still
an unsolved issue. Typically, there are two types of
spin squeezing quantified by the following two spin

squeezing parameters:

2 2(ASn,)? _ 4(ASn,)?
S=—"7 TN
,_ N(AS, ) ;

Here the subscript n refers to an axis perpendicu-
lar to the mean spin direction i = (S)//(S) - (S),
where the minimal value of the variance (AS)? is ob-
tained, J = N/2, and S,,, = S -n . The inequality
€2 < 1 (&2 < 1) indicates that the system is spin
squeezed. The first parameter is from Kitagawa and
Ueda,[® and the second one from Wineland et al.l]

Let us first introduce the SCS. We work in the
(2j+1)-dimensional angular momentum Hilbert space
{l7,m); m = —j,...,+j}. It is convenient to define
the number operator N' = J,+j and the number states
as

In) = |j,—j +mn),

The SCS is defined in this Hilbert space and given
by!34]

S 2 1/2

=il (2) o
n=0

where the parameter 7 is complex. Formally, the SCS

is exactly of the form of the binomial state.*! From
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the definition, we can obtain the two ladder operator
formalisms of the SCS,

S_|n) =n(2j — N)In), (6)
Siln) =n""Nn), (7)

where S = S;+1S,. The second one derived by us is,
to our knowledge, completely new, and is very useful
for obtaining analytical results of the spin squeezing.

According to the definitions of spin squeezing, we
first need to know the mean spin direction determined
by the expectation values (S,) for a € {z,y,z}. The
mean spin direction my and the other two directions
no and mgz perpendicular to n; can be written in
spherical coordinates as

T sin 6 cos ¢ sinfsin¢g cos@

ne | = —sin ¢ cos ¢ 0 ,

N3 —cosfcos¢p —cosfsing sinf
where 6 and ¢ are the polar and az
imuthal angles, respectively, and are given by
0 = arccos((S:)/\/(Sa)? +(9,)* +(S:)?), ¢ =

arctan((Sy)/(Sz)).

are also given above.

The expressions for ny and ns

Secondly, we need to compute the following vari-

ance values:[33!
(ASp, )> =(S2 ) = (S2,, +S2.)
) RS R
(9)
with

Sn,, = — Spsin¢g + Sy cos §,
Sp., =— Sycosfcos¢ — S, coslsin¢

+ S, sin6. (10)

To determine the spin squeezing we need to know the
expectation values of the operators S,, S2,S5,S, +
SySz, SyS, + 5.8y, and 5,5, + S;S5,. These can be

written in terms of the operators S+ and the number
operator A as

Si+S- S, —S_ :
Sz:%v Sy:+Ta S.=N -3,
1.
Sﬁ:1[23(2N+1)—2N2+Si+53],
1
8% = L2V +1) - 2N? - 57 - 82,
52 = N2 - 2N + 52,
52 — g2
sty + Sysﬂc = %’
1
IN —1)S, — S_(2N — 1
5,5, + 5.8, = 2 )+2. GV -1)
7
g5 - 5)

. )
(3

(2N —1)Sy + S (2N — 1)
2

—j(S4 +5).

S.8. + 5.5, =

(11)

From the above equations, we need to find the ex-
pectation values (N*)(k = 1,2), which can be conve-
niently obtained by the generation function method.
The generation function of the real and imaginary SCS
is given by

G(A) = (ne|MWne) = Ny 2[29(A) £ §(A) £ 37 ()],
g(N) = M) = (1 + Inl )72 (1+ Aln| )2’
) = @MW) = 1+ ) ™HA+ )P, (12)

The factorial moments Fj, = d*G())/d\¥|,—; then fol-
low from the generation function

F = Ny 2[2fk + fi £ f7],
fo = |n[?*(25)!

(L4 n2)*(25 — k)
(1 +7*)%*(29)!
(L+[ml?)2(25 — k)t

The expectation values (N*) (k = 1,2) can be ex-
pressed in terms of factorial moments as

fi =

(13)

<N>:F1, <N2>:F2+F1 (].4)
2.5 - -
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Fig. 1. Spin squeezing parameter f% of the real SCS ver-
sus v for different values of |n|: |n| = 0.1 (circle line),
|n| = 0.2 (square line), |n| = 0.3 (plus line), and |n| = 0.5
(triangle line).
From Eq.(11), we also need to know the follow-
ing expectation values, (S;), (S%), and (2N —1)S,).
From Eq. (7), we immediately have

Sy =n 2NN — 1)n),

N =1)Sifn) =0~ t2N = D)Np).  (15)

The above equation and Eq. (7) show that the expec-
tation values (Sy),(5%), and ((2A/ — 1)S5,) can also
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be obtained from the factorial moments.
explicitly given by

They are

n n n
_ 1 1 1
(S2) =Ny 2[(F+n*2>f2i_2f2
1 e
:i:n*2 5 |5
1 1
(2N = 1)S,4) —Njﬁ[(; + ) @R+ )
+Loh+ )+ —f + ).
n n (16)

After some substitutions, we can obtain expressions
for the squeezing parameters of the real and imagi-
nary SCS, and it is interesting to see that these

Fig. 2. Spin squeezing parameter {g of the real SCS ver-
sus v for different values of |n|: |n| = 0.1 (circle line),
[n] = 0.2 (square line), |n| = 0.3 (plus line), and |n| = 0.5
(triangle line).
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Fig. 3. Spin squeezing parameter §% of the imaginary SCS
versus v for different values of |n|: |n| = 0.1 (circle line),
[n] = 0.2 (square line), |n| = 0.3 (plus line), and |n| = 0.5
(triangle line).

parameters can be solely determined by the first and
second-order factorial moments. Having obtained the
analytical expressions, we next perform the numerical
calculations of the spin squeezing.

3.0 T T T T T T

2.5

Fig. 4. Spin squeezing parameter f% of the imaginary SCS
versus v for different values of |n|: |n| = 0.1 (circle line),
|n| = 0.2 (square line), |n| = 0.3 (plus line), and |n| = 0.5
(triangle line).

In Fig.1 we plot the spin squeezing parameter &2
of the real SCS versus « for different values of |n|. For
v = 0, the real SCS exhibits no spin squeezing as it
reduces to the SCS in this situation and ¢2 = 1 for
the SCS. For small values of |n| (for instance n = 0.1),
the real SCS is spin squeezed except at the points
n=nm, n € {0,1,2,...}. For larger |n|, the range of
spin squeezing is reduced. Thus, smaller values of |7|
are good for spin squeezing of the real SCS. The spin
squeezing parameter £2 displays the similar behaviour
to that of £2, as shown in Fig. 2. However, there also
exist clear differences between them. For the case of
n = 0.3, parameter £? is less than 1 over a small range
of 7 between v = 1 and 2. However, parameter £? is
larger than 1 in this range, indicating that the gener-
ation of spin squeezing according to parameter £2 is
more difficult than that according to parameter 2.

We then consider the spin squeezing of the imag-
inary SCS, and the numerical results for the parame-
ters £2 and &2 are shown in Figs. 3 and 4, respectively.
We first note that, in the limit of v = 0, there exists
spin squeezing for larger |n|. We emphasize that we
must take the limit to obtain a physical state, since
the imaginary SCS with v = 0 is not a physical state.
For n = 0.1, the imaginary SCS is not spin squeezed;
however, for n = 0.3, the state is spin squeezed over a
large range of parameters of 4. We see that the spin
squeezing properties of the imaginary SCS are distinct
from those of the real SCS.

In conclusion, we have studied the spin squeez-
ing properties of the real and imaginary spin coherent
states. These types of superposition states can be gen-
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erated by the state reduction techniques.!*®! By using

the two ladder operator formalisms of the SCS and the
generation function method, we have readily obtained
the analytical expressions for the spin squeezing pa-
rameters &2 and ¢2, which facilitates our discussions
of spin squeezing. The method we have demonstrated
to obtain the analytical results of spin squeezing is
applicable to more general states, other than the real
and imaginary SCSs. For example, we can apply the
method to multi-component superpositions of SCSs
such as |¥) = 25:1 ¢n|Mn). We have numerically
computed the spin squeezing of the real and imaginary
SCS and found that these states can be spin squeezed
over a large range of parameters.

The authors are grateful to Zhe Sun for helpful
discussion.
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